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CHARLES, 
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&c. &c« &c. 
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To Your Grace therefore, with all Re- 
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moft devoted, and 

snoft humble fervant, 

CHARLES HUTTON* 

Eoval Mil. Acad, 
Aug. i-^ J?^?* 
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PREFACE. 



T HE want of a proper fet of exercifes, ap- 
plied to the diiierent branches of mathemadcal 
knowledge, which are deemed requilSte to th^ 
military profeflion^ induced me to draw up the 
following (heets. Their utility to the ftudents in 
the Royal Mihtary Academy^ having been fully 
eftablilhed, recommended them to the confider- 
ation of the Mafter General; and His Grace 
has been pleafed to order them to be printed. 

The mifcellaneous form of this fmall work, 

arifes from its confifting chiefly of pradical quef- 
tions in moft of the fciences now taught in the 
Academy. Although Invention was not my im- 
mediate objeA, yet throughout the whole there 
will be found many things that are new^ in 

A 2 point 
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point of matter, but more fo in the manner of 
treating the fubje&s* 

In the Conic Sedions there are feveral new 
« and important properties difperfed through the 
books; and it is prefumed that this branch 
is treated in a way better adapted to its intended 
ufe, than heretofore. The propoiidons, aldiough 
demonftrated in a manner fbriddy geometrical^ 
have this peculiarity, that only the fidt pro- 
perty of each fedion is demonftrated from the 
cone itfelf, and all the fubfcqucnt ones derived 
from the firftj or from each other^ in an eafy and 
natural way, without introducing any arbitrary 
organic^ defcriptio^i of curves in pUno. The 
arrangement qf the fteps in feparate \inss h 
found tQ b$ an adv^ntagCi a$ it {-cnder^ the 
demonftrations more eafy to be comprehended^ 
by prefenting the whole to die eye it qne conf 
i\eded view. And another vqry confiderable im- 
provement arifes from the appUcaUQA of ^ 
new find general property conceniing the inter- 
fedions of a right line, vyith any of die curves, 
in two points : by means of which the general 
properties of the oblique, ; :dinatcs, to any dia- 
metcrji are eatiiy deduced, without the for(:ed 
and perplexed confideratiop' of the areas of cer< 
tain Ipaces. 

The feveral propofitions and properties, in the 
three curve;^ or fedions, are aUb arranged in fuch 

4 order. 
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pfdeiTi ai^d enunpiaced in f^ch manneii as to ihew 
which properties are common to tht dtfferaii: 
fedions ; ^d in particular it will be found* that: 
moft of the definitions 9nd fcholia are common 
to all the three curves; and that all the pro«* 
pofitions and demonftrations of the ellipfe, are 
literally the fame with thofe of the hyperbola 5 
a circumftance which mufl: render both the 
learning and the remembering of the properties 
much eafier than heretofore. 

The colleflion* of prafticat queftions, which 
follow the Conic Sedions, are moiliy given 
without folutions, their anfwers only being fet 
down, as probationary exercifes to certain rules 
and branches of fcience contained in moft books 
relating to thefe fubjeds. But the laft coUedlion, 
concerning forces^ and the accompanying cir- 
cumftances of time, fpacc, and the velocity ge* 
neratedf have folutions annexed to them ; as they 
require a knowledge of feme other principles be- 
hdes thoie that are ufually found m the common 
books of fcience* Many of the problems in this 
part may, indeed* be met with elfewhere ; but 
it is prefumed* that (blutions will be found in 
general, either new, or attended wich confiderabie 
improvement. 

I have taken the liberty alfo to enrich this part 
with fome new and ufeful problems relating 

to 
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to the times of iUling and emptying the ditches of 
fiirtifications, or other receptacles, with water, 
entering and evacuating them under certain cir- 
cumftances. Thefe curious problems. His Grace 
the Mafter General of the Ordnance was pleafed 
to propofe at a late examination of the Gen* 

tleaicn Cadets i and die folutions at large, of 
fuch important propofitions, are here publiihed> 
as far as I know, for the firft dme. 

To thefe fiicceeds the common theory of the 
modon of bodies in reliiling mediums, but de- 
livered in a manner, I truft, better adapted to 

practical purpofes than in any former publi- 
cation. 

The volume then concludes with a com* 

pendium of fome experiments, lately made to 
afcertain the adual refiftance of the sir to 

# 

given furfaces, moving through it with given 
velocities, and different degrees of inclination : 
experiments, which it is to be wiftied may be 
farther profecuted, as it is by fuch means only 
t^at the true theory of military projediles, as 
well as odier branches of natural philofophy, 
can be unproved to any degree of pradical 
utility* 
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CONIC SECTIONS. 



DEFINITIONS* 



!• ADONIC fe6tions are the figures made by the mu* 
tual interfedtion of a cone and a plane. 

2. According to the different pofitions of the cutting 
plane, there arife five different figures or fedions, namely, 
a trianglei a circle^ an ellipfc^ a parabola, and an hyperbola: 
the diree laft of which only m peculiar^ caUed conic 
fedions. 



3. If Ae cutting plane pafs through the 
vertex of the cone, and any part of the hsSe, 
the fe^on will evidently be a triangle ; as 

▼AB. 




4. If the plane cut the cone parallel to 
the bai^ or make no angle with il, tho J 



ie^on will be a drde i as aio. 




B 
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5. The k&ion dab is an ellipfe, 
when tiie cone h cut obliquely through 
bodi fides, or when the plane is in^ 

clined to the bafe in a lefs angle than 
the fide of the cone is. 

6. The (e6tion is a parabola, when 
the cone is cut by a plane parallel to 
the bafe, or when the cutting plane 
and the fide of the cone make equal 
angles with the baie. 

7. The fe(^on is an hyperbola, when the 
cutting plane makes a greater angle with 
die bale than the fide of the cone makes. 

8. And if all the fides of the cone be 
continued through the vertex, forming an 
oppofite equal cone, and the plane be alfo 
continued to cut the oppofite cone^ this 
latter fedlion will be the oppofite hyper- 
bola to the former j as dse. 

•• • 

9. The vertices of any feflion, are the points where the 
cutting plane meets the oppohte fides of the cone, or the 
fides of the vertical triangular fe^on ; as A and B* 

Hence the ellipfe and the oppofite hyperbolas, have each 

two vertices ; but the pariibola only one; unlefs we. con- 
fider the other as at an infinite diftance. 

10. The Axis, or Tranfverfe Diameter, ^of a conic 
le£fcion, is the line or diftance ab between die vertices. 

Hence the axis of a parabola is infinite in length, Ab 
being only a part of it. 

II. The 
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EllipTe. 



Oppos, Hyperb. 



Fmbolsu 




o 



II. The Center c is the middle of the axis. 

Hence the center of a parabola is infinicely dil^ant from 
the vertex. And of an eliipfe the axis and center lie 
witliin the curve ; but of an hyperbola without. 

X2« A Diameter is any right line, as ab or dc, drawn 
dirough the center, and terminated on each fide by the 

curve ; and the extremities of the diameter, or its inter- 
fedtions with the curve, are its vertices. 

' Hence all the diameters of a parabola are parallel to the 

axis, and infinite in length. And hence alfo every diame- 
ter of the eliipfe and hyperbola have two vertices i but of 
the parabola only one $ unlefs we coniider the other as at 

an infinite difVance* 

13* The Conjugate to any diameter, is the line drawn 
dirough the center, and parallel to the tangent of the curve 

at the vertex of the diameter. So fg, piirallel to the tan- 
gent at is the conjugate to D£ ^ and hi, parallel to the 
tangent at i^ is the conjugate to ab« 

Hence the conjugate hi, of the axis ab, is perpendi- 
eukir to it. 



B 2 
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14. An Ordinate to any diameter, is a line parallel to 
its conjugate, or to the tangent at its vertex, and termi- 
nated by the diameter and curve. So dk, el are ordl* 
nates to the a»s ab ; and mn> NO 'ordinates to die diame- 
ter DE« 

Hence the ordinates to the axis are perpendicular to it. 

15. An Abfcifs is a part of any diameter contained be- 
tween its vertex and an ordinate to it; as ak. or bk, or 
ON or BN« 

Hence» in die ellipfe and hyperbola, every ordinate has 

two abTcilTcs \ but in the parabola, only one j the other' 
vertex of the diameter being infinitely diilant. 

16. The Parameter of any diameter, is a third pro- 
portional to that diameter and its conjugate. 

I7» The Focus is the point in the axis where the ordi- 
nate is equal to half die parameter* As K and wtoe 

DK or £L is equal to the femi-parameter. 

Hence, the ellipfe and hyperbola have each two foci ; 
hut the parabola only one. 

18. If DA£, FBO be two oppoftte hyperbdas having ab 

for their iirft or tranfverfe axis, and ab for their fecond or 

4 con- 

I 

Uigiiized by Google 



OSyiNITXOKB* 



5 




conjugate axis. And if dae, fbg be two other oppofke 
hyperbolas having the fame ,axes, but in the contrary 
order, namely, ab their iirft axis, and ab their fecond ; 
then thefe two latter curves dae, fbg, are called the con- 
jugate hyperbolas to the two former dae, fbg > and each 
pair of oppoAte curves mutually conjugate to the other. 

19. And if tangents be drawn to the four vertices of 
the curves, or extremities of the axes, forming the in- 
icribed re^buigle bikl $ the diagonals hck, icl of this 
redangle, are called the afymptotes 6f the curves, 

SCHOLIUM. 

The redangle infcribed between the four conjugate 
hyperbolas, is Similar to a rectangle circumfcribed about 
an ellipfe by drawing tangents, in like manner, to the 
four extremities of the two axes ; and the afymptotes or 
diagonals in the hyperbola, are analogous to tho(e in the 
ellipfe, cutting this curve in fimilar points, and making 
the pair of equal conjugate diameters. Moreover, the 
whole figure, formed by the four hyperbolas, is, as it 
were, an ellipfe turned infide out, cut open at the ex- 
tremities 0, £, F, G, o£ the (aid equal conjugate diameters, 
and thofe four points drawn out to an infinite diftance^ 
the curvature being turned the contrary way, but the 
. axes, and the redangie ^iSmg through their extremities, 
CDntiiwing £xed. 

B 3 COROL- 
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In the ellipfe, the femi-conjugate axis, CDor^CE, is a 
mean proportional between CO and cp, the parts of the 
diameter op of a circk drawn through the center c of the 
ellipfe, and parallel to the bale of the cone. For 'm it 

a double ordinate in this circki being perpendicular to 
op as well as to ab. 

In like manner, in the hyperbola^ the length of ^e 
femi-^onjugate axis, CD or ce, is a mean proportional 
between co and cp, drawn parallel to the bafe, and meet- 
ing die fides of the cone in o and p. Or, if Ao'' be 
drawn parallel to the fide vb» and meet pc produced in ^ 
c', making co' = co^ and on this diameter O^P a circle 
be drawn parallel to the bafe ; then the femi-conjugate CD 
or C£ will be an ordinate of this circle, being perpendi* 
cular to o^p as well as to ab. 

Or, in boih figures, the whole conjugate axis DE is a 
mean proportional between qa and br, parallel to the 
bafe of the cone* For, becaufe ab is double of AC or 
CBy dierefore, by fimilar triangles, qA is double of OC} 
and BR double of cp ; confequently 

or 2c • 2£, or 2C0 • 2CP is s QA • BR9 or 
QA ; Dfi : ; DE : br. 
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In the parabola both the tranfverfe and conjugate axe 
iniimte i for ab and fi& are both inhiuce. 

CoRoL. 2. In all the fe£lions ag will be equal to the 
parameter of the axis, if qg be drawn making the 
angle aqg equal to the angle bar. 

For, by the dehmtion, ab : de : : de : p the param. 
fiut by cord, i, br : de : : de : aqj 

Therefore ab : br : : aq^: p. 

But, by fimilar triangles, ab ; br :: aq^; ag » 
And therefore ag = / the parameter. 

In like manner Bg will be equal to the parameter fy if 
Rg be drawn to make the angle BRg = the angle abqj 
ilnce here alfo ab ; a(^: : br : bg ;= ^. 

CoRoi,. 3. Hence the upper hyperbolic fedtion, or 
fe£tioa of the oppofite cone^ h equal and fimilar to the. 
lower fe£bion. For the two feflions have the fame 
tranfverfe or iirft: axis ab, and the fame conjugate or 
iecond axis de» which is the mean proportional between 
AC^and rb ; they have alfo equal parameters ag, eg. 
So that the two oppoiite fedtions make, as it were, bat 
the two oppofite ends of one entire fe^ion or hyperbola, 
the two being every where mutually equal and fimilar* 
Like the two halves of an ellipfe, with their ends 
turned the contrary way. 

CoROL. 4. And hence^ although both the tranfverie 

and conjugate axis in the parabola be infinite, yet die 
former is infinitely greater than the latter, or has an 
infinite ratio to it. For the tranfverfe has the fame ratio 
to llie conjugate, as the conjugate has to the parameter, 
that is, as an infinite to a finite quantity, which is an 
infinite ratio* 

B 4 ox 
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OF TH£ HYPERBOLA. 



PROPOSITION I. 




The Squares of the Ordinates of the Axis are to each 
odier as the Redangles of their AbfciiOes* 



Let AVB be a plane palling 
through the vertex and axis of 
the oppofite cones ; agir an- 
other fcclion ot them perpen- 
dicular to the plane of the for- 
mer ; AB the axis of the hy- 
perbolic fedlions; and fGj hi 
ordinates perpendicular to it* 
Then 

re* : HI* :: af*fb: ah*hb. 



For, through the ordinates 
FG) HI draw the circuhr felons kol, min parallel to 
tiie baie of the cone, having kl, mn for their diameters,' 

to which FGy Hi are ordinates, as well as to tiie axis of 
the hyperbola. 

Now, by die flmilar triangles afl, ahk, and bfk, bkm, 
we have af : ah : : fl ; hn, 
and FB : hb :: kf : mh ; 
hence, taking the redangtes of die correfponding terms, 

wc have the red. af«fb : AH«HB :: ICF»FL : MH«HW. 
But, by the nature of the circle, KF*FL =FG% and mh*hn = Hi^; 
Therefore the rtGt, af*fb : ah«hb :; Fo* ; hi*» q*B.D* 

CoROL. 
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CoROL. I. All the parallel re6UQns are flmilar figures, 
or have their two axes in the fame proportion s that is, 
AB : ab : : DB : de. . . 

For, by iim. triang. ab : ab : : Aqj aq, 

and AB : ab : : rb : rb ; 
Theref. by comp. ab* : ab* :: aqjrb : aq»rb. 
But A(^RB = D£*, and aq«rb = de^ ; 
Therefore. ab» : ab* : : de* : de% 
or AB : ab : : DE : de* 

CoROL, 2. Hence aho, as the property is the lame for 
the ordinates on both fides of the diameter, it foUows, tiiat 

ift« At equal diftances from the center, or from the. 
vertices, the ordinates on both fides are equal, or that the 

double ordinates are bife61ed by the axis ; and that the 
whole figure, made up of ail the double ordinates, is alfo 
bife&d by the axis* 

2d. The two foci are equally diilant from the center, 
fir from either vertex. 

CoROL. 3. When the angle, which the plane of the 
fe<SUon makes with the bafe of the cone, decreafes till it be- 
come equal to the angle made by the fide of the cone and 
the bafe, or till the fe6lion be parallel to the oppofite fide of 
the bafe j then the axis becomes infinitely long, and the 
hyperbola degenerates into a parabola ; » and becaufe then the 
infinites fb and hb are in a ratio of equality, the general 
prq>erty, 

namely af*fb : ah*hb :: fg* : hi*, 
becomes ap : AH : : fg* : hi*, 

or, in the parabola, the abfciiTes are to each Other, as the 
fquares of their ordinates* 

£ PRO- 



Digitized by Google 



50 



CONIC SECTIONS. 



PROPOSITION II.. 



As the Square of the Tranfverfe Axis : 
Is to the Square of the Conjugate :: 
So is the Re<^anglc of the Abfciffcs : 
To the Square ot their Ordinate. 

That is, AB* : ab* or AC* : ac* :: ad- db : de\ 



For, by prop. i. ac-cb : ad«db :: ca^ : de*; 
But, if c be the center, then AC* CB = AC^,and caisthefemi-^conj* 
Therefore ac* : ad^db :: ac* : de* ; 

or, by permutation, AC* : ac* : : ad«db : de* i 
or, by doubling, ab* ; ab* ad*db ; db*. q.£.d» 

CoROL. I. Or, bccaufe the rectangle ad«db ^ CA* — CD*, 
the iame property is c a* : ca* ; ; CD* — ca* ; de*, 

or AB* : ab* :: cd* — ca* : dbV 





ab* 

is the parameter — by the definition of it. 

AB 

4 
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That iS) As the tranf /erle. 

Is to its parameter. 

So is the redangle of the abfciiles, 

To the fquare of their ordinate. 

CoROL. 3. When the axis ab is infinitely long, the 
curve becomes a parabola, and the infinites ab, db are 
dien in a' ratio of equality ; and then the laft property, 

namely ab : p ::a]>«db: de*; 

or AB*DB : ad*db::^:de, 

becomes d£ : ad : ; ^ : de, 

or ' AD : BB :: DE : p. 

That is, in the parabola, the parameter is a third pro- 
portional to any abfcifs and its ordinate. 
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PROPOSITION III. 

As the Square of the Conjugate Axis: 

To the Square of the Tnuifverfe Axis : : 

So is the Sum of the Squares of the Semi-conjugate^ 
and Diftance of the Center from any Ordinate of thk 
Axis: 

To the Square of that Ordinate. 
That is, ca* : ca* ;: ca* cd* ; ds,\ 




or draw the ordinate bd to the tranfverfe ab. 
Then, by prop. i. ca* : ca* :: CD*— ca* : de*. • 

But CO* s= d£% and ds* ss cd*, 

therefore ca* ; ca* ;: dE^ — ca* : cd\ 

or by alternation, ca* : ds* — cA* :: ca* : cd% 
and by compodtion, ca^ ; dE^^ ;: ca^ ': ca^ -+■ cd% 

and by alter, ^inverf. ca* : ca* :: ca* cd* : d£*. 

In like manner ca* : ca* :: CA* co* : De*. <^b.d. 

Co&OL. 
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CoROL« By the laft prop, ca^ : ca* :: cd* — CA* : d&% 
and by this prop, ga^ ; ca^ cd* ca^ : x>e% 
therefore m* : De* :: ci>^ — ca* : cd* -4* cA\ 

In like manner de^ : ds* :: cd* ca* : Gd* *t> ca\ 



I 



1 
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PROPOSITION TV. 



The Square of the Diftance of the Focus from the 
Center, is equal to tbe Sum of the Squares of the 

Semi -axes. 

Or, the Square of the Di fiance between the Foci, is 
equal to the Sum of the Squares of the two Axes* 

That is, CF* = ca^ ca» 
or ff * = AB* -i- ab*. 




For, to tiie focus f draw the ordinate fe j which, 

by "the definition, will be the femi-parameter. Th n by 
the nature of the curve ca* ; ca* ; : CF* — CA* : fe*; 
and by the def. of die para, c a^ : ca* : : ca* : fe* ; 

therefore ca* = cf* — ca* i 

and by addit. ; CF* ss CA* ca*} 

or, by doubling, Ff* s ab* -h ab\ q.e.d» 



CoROL, I. The two iemi-axes, and the focal difbmce 
from the center, are the fides of a right angled triangle 
CAa; and the diftance Aa is = cf the focal diihuice* 

Fo 
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For, as above^ ca* ca* = cr% 

and by right angled As> ca* -+- ca* = Aa% 

therefore cf Aa, and fF = Aa -*» Ba« 

CoROL. 2. The conjugate femUaxis ca is a mean 
proportional between af, fb> or between aF, fB, the dif* 

tances of either locus from the two vertices. 

For ca* = cf* — ca* = cf ca*cf — ca = af*fb. 

I 

CoROL. 3. The fame redlangle af.fb of the focal 
diftances from either vertex, . is alfo equal to the re6lat^;le 
AC*FE under the femi-tranrverfe and its femi^parameter ; 
fince this lait is equal to the fquare of the femi-conjugate 
by the de£nision of the parameter. 

Or AF : F£ :: ac : fb. 
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PROPOSITION V. 

The DiiFerence between the Semi-tranfverfe and a Line 
drawn from the Focus to any Point in the Curve, is 

equal to a 1 ourth Proportional to the Scmi-tranfvcrfc, 
the Diilance from the Center to the Focus, and the 
Diftance from the Center to the Ordinate belonging to 
that Point of the Curve. 

That is, AC — FE =s ci, or fe = ai ; . 
and fs — AC =8 ci, or f£ =s Bi. 

\\ here CA ; CF :: CD : CI the 4th proportional to ca, cf, CD. 




For, by right angled triangles, fe* = fd* -f- de*. 

Now draw ag parallel and equal to ca the femi«conjugate ; 
and join CG meeting the ordinate de produced in H» 

Then, by prop. 2, ca* : AC* :: cd* — ca* : db* i 

and, by fim. As, CA* : AG' :: CD" — ca* : dh"^ — ag^; 
conlequently de* = dh* — AG* = DH* — ca*. 
Alfo FD CF to CD, and FD* = CF* — 2CF»CD -+■ CD*; 

therefore fe* = cf* — ca* — 2cf-cd -»- cd* dh*. 

But 
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But by prop. 4. CF* ca* ss CA* 
and, by fuppofition, 2CF«cd =s 2ca«c1; 
theref. fe* = CA* — 2Ca«ci «+- cd* -4- dh*. 

But, by fuppoiition ca* : cd* :: cf' or ca* AC* : ci^ ; 
and, by fim. As, ca* : cd* :: ca* ao* : cd* dh* i 

therefore CI* cd^ dh^ = CH^'i 

confequentiy fe* — ca* — 2CA«ci ci*. 
And the root or fide of this fquare is fe s ci ^ ca s Ai. 

In the fame manner is found f £ ss ci c a ss bj. <;t*B.D. 
CoitoL. I* Hence ch =s cz is a 4th proportional to 

CA, CF, CD. 

a ' 

CoROL. 2. And fE -H FE = 2CH or 2Ci ; or fb, ch, 
fs are in continued arithmetical progreffion, the common 
difference being ca the feml'tranfverfe. 

GoROL. 3* From the demonftradon it appears that 

DE* = DH* — AG* = DH* — ca*. ConfequLiitly dh is 
every where greater than de ; and fo the afymptote ecu 
never meets the curve, though they be ever fo hr pro* 
duced : but dh «nd db approach nearer and nearj;r to a 
ratio of equality as they recede farther from the vertex, 
till at an iniimte diftance they become equal, and the 
af) nil tote is a tangent to the curve at an infinite diftance 
from tiic vertex. 



PEO» 
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PROPOSITIOK VI. 

The Difference of two Lines drawn from the Foci, to 
meet in any Point of the CurvCi is equal to the 
Tranfverfe Axis. 

That is, f£ FB ss<AB. 




For, by the laft prop, PB & ci ca =: Ai,« 
and, by the fame, f£ =: ci -h CA = Bi « 
theref. by fubtradtion, f B FB = AB« 

CoBOL* Hence is derived the common method of de« 

fcribiiig the curve mechanically by points, tiius. 




In 



OP TBI HTP-BKBOLA. 



59 



In the traufverfe ab, produced, take the foci f, f, and 
any point i. Then with the radii ai, iii, and centers 
F, defcribe arcs interfe^iiing in which will be a point 
in the curve. In like manner, anuming otner points I) 
as many other points wiii be found in the curve. 

Then with a fteady hand, draw the curve line through 
adl the points of interfection £• 

In the fame manner are conftrufbe^ the other two hypcr- 
bolaSj uiing the axis ab iuiicad gf A£« 



PRO- 



Uiyiiizeo by 



COKIC 3£CT10K5. 



PHOPOSITIOK til. 

If from any Point i in the Axis produced^ a Line ieh be 
drawn cutting the curve in Two Points ; and from 

thofe Two Points be drawn the Perpendicular Ordi- 
nates 0£, gh % and if K be the Middle of dg» and 
c the Center or the Middle of ab : Then (hall CK be 

to CI as the Rectangle of ad and AG to the Square 
of Ai. 

That is, cic : CI :: AD«AG : Ai\ 




For, by prop. i. ad-db : ag*gb :: de* : gh% 
and by fim. tri, id* : lo* : : de* : gh* \ 
theref* by equality, ad -de : ag«gb ;: id^ ; ig\ 

But DB = 2CK -4- AG, and GB = 2CK -H AD, 

dieref. ad«2ck h- ad* ag : ao*2cic -h ad* ag : : id* : ig% 

aud,by div.DG . zck ; ig^— id- or dg^ . 2 ik : ad .2 ck+ai* . ag :; id^. 

or 2CK : 21K :: ad*2ck -«- ad»ag : id* 

or AD»2(-ti : AD»2IK. ;; ad*2CK h- ad«ag : id*; 

theref. 
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theref. by div, ck : IK :: ad*ag : ad«2ik — id*, 

and, hy dir. ck : ci :: ad*ao : id* ad* id h- ia, 
or CK ; cx :: AD«AO : ai\ 9.B.p« 

CoRoL. When the line ih, by revolving ahout the 
point 1} comes into the pofition of the tangent ii^ and 
the ordinate lm being drawn, then the points £ and H 
meet in tiie point l» and the points d, k, g, coincide 
with the point M i and then the property in thepropoiition 
becomes cm : ci :: am* : aW 
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P&OPOSlTlOIf VXXI. 

If a Tan?ent and Ordinate be drawn from any Point in 
the Curve, meeting the Tranfverfe Axis; the Semi- 
tranfverfe wit! be a Mean Proportional between die 
Di((afices of the faid Two Interfedions from the 
Center. 

That is> CA is a mean proportion between CD and 
CT s o)t ci>) CAi CT are continued proportionals. 




For, by cor, prop. 7, CD : CT : : ad* : at%' 



that is, CD : CT : : CD — ca* : ca— CT'f 
or : : cd*-»-ca* : CA*-t-CTV 

and :: CD* : ca% 

and :: cA* : CT*i 

dierefore cd : ca : : ca : ct. q.e.d* 



CoROL. I. Since ct is always a third proportional to 

CD, CA ; if the points d, a, remain conftant, then will 
the point t be conltant alfo j and therefore all the tangents 
will meet in this point t, which are drawn from b, of 

every 
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every eliipic deicribe4 on the iame axis ab, where they 
are cut by the common ordinate deb drawn from the 
point D. 

CoROL* 2. Hence a tangent is eafily drawn to the 
cimre, from any point, either in the curve or without it. 

Firft, if the given point B be in die curve. l>raw 
the ordinate de of the diameter AC ; and in the diameter 
produced take ct a third proportional to CD, ca. Then 
join TE for the tangent required. 

But if the point t be given any where without the 
curve. Join ct, in which take cd a third proportional 
to CT, CA s and draw the ordinate db. Then join te as 

before. 



P&0« 
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FJLOPOSITION IX. 



If there be any Tangent meeting Four Perpendiculars to 

the Axis drawn from thefe four Points, namely the 
Center, the two Extremities of the Axis, and the 
Point of Contadj thofe Four Perpendiculars will be 
Propofdonals. 



That is, AG : n :: ch : bi* 




For, by prop. 8, tc : ac"!: ac : dc, 

theref. by div. ta : ad tc : ac or CB, 
and by comp. ta : td ;; tc ; tb, 
and by fim. tri. AG : pe i: cr : bi« 



CoROL. Hence ta, td, tc, tb ) ,^ i 

S are alfo proportionals, 
and tg, te, th, ti) 

For thefe are as AG, J>fi, ch, bi, by fuuilar triangles. 
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PROPOSITION X. 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contadl ; thefe two Lines will 
make equal Angles with the Tangent. 

That is, theZ-FET = Z.fEc. 




For draw the ordinate de, and fe parallel to fjb* 

By cor. I. prop. 5, ca : cd ; : cf : CA — fe, 

and by prop. 8, CA : CO : ; ex : is A i 

llierefore ct : cf : : ca : ca — fe ; 

and by add. and fub. tf : xf : : fe : 2CA ^ fe or Fe by prop. 6. 

But by fim. tri. tf : xf :: fe : fe ; 

therefore fe = fe, and confeq. Z_e = L.(ec, 

But, becaufe fe is parallel tofe, the Z. e = JL fet ; 

therefore the iL fex = JLfte, q^j-.d. 



CoROL. As opticians find that the angle of incidence 

is. equal to the angle of reflection, it appears from our 
proportion, that rays of light iiTuing from the one 
focus, and meeting the curve in every pointy will be re-> 
fledted into lines drawn from the other focus. Sl> the 
ray fE is refleded into fe. And this is the reafon why 
&e points f, f are called fici^ or burning points* 

PRO- 
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FROPOSITION XI. 

If a Line be drawn from either Focus, Perpendicular to 
a Tangent to any Point of the Curve $ the Diftance of 
their Interferon horn the Center will be equal to the 

Semi-tranfverfe Axis. 

That is, if FP, fp be perpendicular to the Tangent 
TFp^ then ihaU CP and cp be each equal to ca or 

CB. 




For, through the pomt of contad B draw fb and 
f B meeting pp produced in c. Then, the L gbp ^ L fbp> 

being each equal to the ^ f f p, and the angles at p being 
right, and the iide pe being common, the two triangles 
gbp, pep are equal in all refpe^ and lb gb = fb, and 
CP =: pp. Therefore, fmce fp = i-pc, and FC = 4:Ff, 
and the angle at f common, the fide CP will be 
= ^io or |ab, that is cp = ca or cb. 

And in the £tme manner cp s ca or cb» q*B.D. 

4 Co&OL. 
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Co&oL* I. A circle defcribed on the tranfverie tad^ 
as a diameter, will pafs through the points p, p; becaiiie 

all the lines CA, CP, cp^ cb, being equal, will be radii 
of the circle. 

CoROL. 2* CP is parallel to f£, and cp parallel to 

CoROL. 3* If at the interfefdonsof any tangent^ with 
the circumfcribed circle, perpendiculars to the tangent be 
drawn, they will meet the tranfverfe axis in the two focL 
That is, Ac perpendicuhrs pf, pf give the feci f, t 
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CONIC SECTIONS. 



PROPOSITION XIU 

The equal Ordi nates, or the Ordi nates at equal Diftances 
from the Center, on the oppohte Sides and Ends of an 
Ellipfe, have their Extremities connedfced by one Right 
Line paffing through the Center, and that Line is 

bife<Sted by the Center. 

That is, if CD = cg, or the ordinate de = gh ; 
then ihall cb = ch, and £CH will be a right line. 



1 




For, ^en cd = cg, then alA> is de rs. gh by cor. 2. prop. i. 
But the Z-D = L.G being both right angles ; 
therefore the third fide C£ = CH, and the dce L. GCH, 
3Uid confequently ech is a right line. 

CoROL. I, And, converfely, if ech be a right line 
paifing through the center \ then ihall it be bife^led by the 
center, or have C£ ^ ch ; alfo be will be = gh, and 

CD = CG. 

COROL. 
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CoROL* 2* Hence alfo, if two tangents be drawn to 
the two ends E, H of any diameter eh : they will be pa- 

xallel to each other, and will cut the .1x15 .it cquiil angles, 
and at equal diftances from the center. For^ the two 
CD) CA being equal to the two CG, CB, the third pro* 
portionals CT, cs will be equal alfo ; then the wo fides 
C£, CT being equal to the two CH, cs, and the included 
angle ect equal to the included angle hcs, all the other 
correfponding parts are equal: and fo the Z_T = 
and T£ parallel to hs. 

CoROL. 3. And hence the four tangents, ?x the four 
extremities of any two conjugate diameters, form a pa- 
rallelogram circumfcribing the ellipfe, and the pairs of 
oppofite fides are each equal to the correfponding parallel 
conjugate diameters. 

For, if the diameter eh be drawn parallel to the tangent 
TE or HS, it will be tfie conjugate to eh by the de- 
finition ; and the tangents t,o eh will be parallel to each 
other, and to the diameter eh for the fame reafon. 



Digitized by Google 



COHIC S£CT|PN9 



PROPOSITION XIII. 



If two Ordiiiates ed, ed be drawn from the Extremities 

£y e, of two Conjugate Diameters, and Tangents be 
drawn to the fame Extremities, and meeting the 
Axis produced in rand it; 

Then (hall cd be a mean Proportional between cd, dR, 
and cd a mean Proportional between cOf x>T* 




For^ by prop. 8» 

and by the fame 
theref. by equality 
But by fim« tri. 
dieref. by equality 

In like manner 



CD : CA ca : cr, 

cd : CA : : ca : CR 9 
CD : cd :: CR : CT, 
DT : cd ct : CR ; 
CD : cd :: cd : dt« 
cd ; CD ;: cd ; dR« <^b.d. 

4 COROL. 



Digitized by 



Q7 TH£ £JLLIPSE. JI 

CoROL. I. Hence cd : cd :: cr : ct« 

CoROL. 2. Henee alfo cd : cd :: de : db. 

And the re(Sl. cd«de = cd»de, or A cde = A cdc. 

COROL. 3* Alfo cd* r= CD«DT» 

and CD* = cd*dR* 

Or cd a mean proportional between cd, dts 
and CD a mean proportional between cd, dR« 



PRO* 
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COKIC SBCTJOMS 



PROPOSITION XI v. 



The fame Figure being conftru£ted as in the laft Propo- 
fition, each Ordinate will divide the Axis, and the 

Semi-axii added to the cxLciiiui Tart, in the fame 
Ratio. 

• 

That isy DA : dt :: DC : db, 
anddA : dR :: dc : ds. 




For, by prop. 8, co ; ca :: ca : ct, 
and by div. CD : ca : : ad : at» 

and by comp. cd : db ad : dt, 
or DA : DT ; : DC : db. 

In like manner dA : dR :: dc : dB. 



<^S«Di 



CoROL. 

we have 
cd» = 

CD* = 



I. Hence, and from cor* 3 to the laft prop< 

CD*I)T = AD*DB CA* — CD*, 
Cd*dR = Ad«dB =: CA* cd*. 



CoROL. 
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CoROL, 2. Hence alio ca* = cd* -h cd% 

and ca* = de* 4- dc*. 

CoAOL. 3. Fartiier9becaufe ca* : ca* :: ad*db or cd* : ]>i% 

therefore ca : ca :: cd : db« 
likewife ca : ca :: CD : de* 
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PRO POSITION XV* 

■ 

If from any Point in the Curve there be drawn an 
Ordinate, and a Perpendicular to the Curve, or to 
Tangent at that Point; 

The Dillance on the Tranfverfe, between the Center 
and Ordinate, cd: 

Will be to the Diftance pd : : 

As the Square of the Tranfverfe Axis: 

To the Square of the Conjugate. 

That is, CA* ; ca* : : DC : dp. 




For, by prop. 2,ca' : ca* :: ad»db :de% 
But, byrt. angled as, the red. td-dp = db*; 
and, by cor. i prop. 14, cd*dt s ad*dbs 
therefore ca* : ca* :: td*dc : td»dp, ' 

or AC*;ca*;; dc : dp. Q.E.Di 



PRO- 
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FEOPOSITZON XVIt 



AH the ParaUelograms circumfcribed about an Ellipfc 
are equal to one another, and each equal to the 
Redangle of the two Axes. 



That 18, the Parallelogram pqjis = the reaangle A^.ab. 




Let £c, eg be two conjugate diameters parallel to the 
fides of Ac parallelogram, and dividing it into four leflcr 
and equal parallelograms. Alfo draw the ordinates SB, d^ 

and C K perpendicular to pq. 

D a Then, 
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^hen, by prop. 8, ct : ca :: ca : cd ; 
and, by cor. 3 prop. 14^ ca : de :: ca ; cd i 
theref. by equality, ct : c a : : ca : de. 
And by lim. tri. ct ; CK : : ce : de, 

theref. by equality ck : c A : : ca : ce^ 

andthere£l. - CK«ce = red. CA*ca. 

But the re£^. cK*ce = the parallelogram CEqe; 
dieref. the re6l. ' CA*ca = the parallelogram CBQe i 
and, by doubling, the re£l. AB«ab := the paral. pqrs. q^e.d* 

CoRoL. I. The re£bnglesof every pair of conjugate 

diameters, arc to one another reciprocally as the fines of 
their included angles. For the areas of their parallelo- 
grams, which are all equal among themfelves, are equal 
to the re£fengles of the fides, or conjugate diameters, 
multiplied by the fines of their contained angles, the radius 
being i. That is, the re<Sbingle of every two conjugate 
diameters, drawn into the fine of their contained angle, 
is equal to the fame conllant quantity. And therefore the 
re<^ngle ot the diameters is inverfely as the hne of their 
contained angle. 

CoROL. 



Digitized by GoogU 



■ 



'*0r THE filtLZF'SB. '37 

CoROL. 2. As it is proved in this proportion that 
everj circumfcribing parallelogram of an ellipfe is a 
conflant quantity, fo it may hence be (hewn that each of 
the fpaces BAgp, saeq^t GBeR, obgs, between the curve 

and the tangents, is equal to a conftant quantity. For, 
flnce every diameter bife£ts the ellipfci the conjugate 
diameters eg, eg divide the ellipfe into four equal fetors 
CBAg, CEae, CGBe, ccbg ; but the (ame conjugate 
diameters divide alfo the whole tangential parallelogram 
pqRS into four equal parts, or fmall parallelograms c^pg, 
c£Qe, CGRe, CGsg > and therefore the dififerences be- 
tween thefe fmall parallelograms aiiJ the feftors, which 
are the faid external fpaces, muft be all equal among 
Ihemfelves. 

And as the ellipfe and circumicribing parallelogram 

both remain conftant, the difference of their fourth parts 
will alfo be a confhuit quantity. That Is, the laid ex- 
ternal parts are each equal to the iame confiant quan« 
tity. 
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If there be Two Tangents drawn, the One to the Ex- 
trenuty of die Tiaafverfe^ and the oclicr to the £xtre- 
. inity of my odier Diamdnr, each oieedng die odier*s 

Diameter jiroduced ; the two Tangeiid-J Tiiajigles fa 
formed, will be equal* 



That ts> the tnangle cbt = die triangle CAUt^ 




For, draw die ordinate ds. Then 
fiy fim* triangles CD : ca ;; C£ : CN > 
hut, by prop. 8, CD : CA : : CA : CT i 
dieref. by equal, ca : ct C£ : cn. 



The two triangles cet, can have dien the angle c 
common, and the fides about that angle reciprocally pro* 

portional ; therefore thofe triangles are equid. 

. Namely the A cet =s A can. <^e.d* 

« 

6 CoROIi* 
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CoROL. I. Take each of die equal tri« get, cak, 
from the common fpace CAFBy 
and there remaina Ibe external ^ pat ss a pns« 

Co&OL. 2. Alio take the equal triangles ciT| CAK9 
from die common triangle cB0y 
and there lemaint the A tsd = trapez. an£0* 



P RO- 
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P&OP08ITIOK X». 



The (kmc being fuppofed as in the lall Propofitionj 
then any Lines kq^ oq^ drawn parallel to the two 
Tang^CSy ihaU alfo cut off equal Spaces. 

ft 

That is, file Triangle Kqc = Trapes, anrg: 

and the Triangle Kqg = Trapez. ANbg* 

» 




For draw the ordinate D£» Then 
The three iim. triangles caN| cdb» cgh, 

are to each other as CA% ld\ cg* ; 
theref.bydiv.thetiap, AN£D : trap* an UG :: cn^ — cA^s co — caK 
Bntf by prop, db* : en* — ca* : co* — ca\ 

theref. by equ. trap, aned : trap, anhg : : D£* : G<^. 
But, by fim. As, tri. T£d : tri. kqg :: D£^ : OQ^i 
theref. by equal, anbd : tsd :: anhg : kqg. 
But, by cor. 2 prop. i8, the trap. aned A tbd; 

and therefore the trap. anhg = A kqg. 

In like manner the trap. ANhg = A Kqg. q.£.d. 

m 

CoROL. I. The three ipaces akhC) tbhc, kqg axtall equal. 

COKOL^ 



ft 
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CoiioL. %, From the equals anhg, kqg^ 
take the equals ANhg, fcqg, 
and there remains ghuG » gq<^« 

Co&OL. 3. And from the equals ghnc, gqQO) 
take the common ipace gqLRG» 
and there remains the A lqh s: ^ Lqh* 

CoROL. 4.* Again from the equals rqG) tehg, 
take the common fpace klhg, 

and there remains telk = a lqh. 

CoROL. And when, by the lines kq^^ oh, moving 

with a parallel mouon» kq^ comes into the pofition iR, 
where CR is the conjugate to ca % then 

the triangle k^g becomes the triangle IRC, 

and the fpace anhg becomes the triangle anc $ 

and therefore the A irc = A anc ^ A tec. 




CoRoL. 6. Alfo when the lines KQ^and hq^, by moving 
with a parallel motion} come into the polition ce, Me^ 
the triangle lqh becomes triangle ceM, 
and the fpace telk becomes the triangle tec ; 
and theref. the A ccm = A tec = A anc s A irc, 

FRO* 
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CONIC SECTIONS. 



PROPOSITION XX* 



Any Diameter bifeds all its Double OrdiiiaCeSy or the 

Lines drawn Parallel to the Tangent at its Vcrtcj^ or 
to its Conjugate Diameter. 



That is, if 09 be parallel to the Tangent te, or to ce^ 

then ihall l(^= 

» 




For draw 0B> qh perpendicular to the tranTverfeft 
Then by cor. 3 prop. 19, the A lqh = a Lqh | 
but thcfc trian^es are alfo equiangular 5 
coniequentiy their like fides are equal, 
and therefure lq^= Lq. Q.B.D. 

COROL. 
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CoRoL. I. Any diameter divides the ellipfe into two 
equal parts. 

For, the ordinates on each fide being equal to each 
otheT) and equal in number i aU the ordinates, or the area» 
on one fide of the diameter, is equal to al) the ordinates, 
or die area, on the other fide of it. 

CoROL. 2* In like manner, if the ordinate be pro* 

duced to the conjugate hyperbolas at q^, q', it may be 
proved that lq^ = Lq'. Or if the tangent T£ be pro- 
duced, then sv ^ sw. And the diameter ocBH bifeds 
all lines drawn parallel to te or Q£, and limited eidier 
by one hyperbola, or by its two conjugate hyperbolas. 



O ^RO" 
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As the Square of any Diameter : 

Is (Q tlie Square of its Conjugate : : 

So is the Re&ngle of any two Abfcifles : 

To the Square of their Ordinate. 

That is cfi* ; cc* :; £L»lo or cl* — cb* ; Lq^* 




For draw the tangent te, and produce the ordinattt 
QL to l^e tranfverfe at k. Alfo draw qh, cm perpen- 
dicttlar to the tranfverfe, and meeting sg in h and m. 

Then fimilar triangles being as the iquares of their liko 

fides, we ihall have^ 

« 

by fim. triangles, AciT : AcLK :: CE* : CL»r 
or, by divifion, ^ cet ; trap, telk :: CB»: CL* — CB*. 
Again, by (im. tri. ^c^m, : alq^i :: ce» ; tq^. 
But, by cor» 5 prop. 191 the AceM = Acbt, 

and, by cor. 4 prop. 19, the Alqh = trap. TSLK; 
theref. by equality, CE* : ce* : : cl* — ce* : lq^, 

Coiox.* 
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CoROL, I. The fquares of the ordinates to any 
diameter, are to one another as the redbuigles of their 
fefpe£tive abfcifles, or as the difference of the fqtuues of 
the iemi-dlameter and of the dlftance between the ordi^ 
nate and center. ¥os they arc aii in the igme ratio of 
CE* to ce». 

CoROL. 2* The above beijig the fame property as 
that belonging to the two axes, ail the other properties 
before laid down, for the axes, may be underftood of any 
two conjugate diameters whatever, ofiiig only the oblique 
ordinates of thefe diameters indead of the perpendicular 
ordinates of the axes i namely, all the properties in pro*, 
poitdons 7,. 8, 9, 12, 13, 14^ 18 and 19. 

CoRoL. 3. Likewife, when the ordinates are con- - 
tinued to the coijugate hyperbohs at the (ame pro* 

perttes ilill obtain, fiibftituting only the fum for the dif- 
ference of the fquares of C£ and ci^ 

That is, CE* : cc* :: cl* -h ce* : cq^*. 
^And fo Lq^ : lq^* ; : cl* — ce* : cl* -+- ce*. 

CoROL. 4* When, by the motion of lq^ parallel to 
ttfelfy that line ccnncides miStk £v, the laft corollary be* 
comes CR* : ce* :: 2C£^ : Ey\ 

or cc* : Ev*:: i : "a, 

m 

or ce : EV :: i : v^a, 

or ES the fide of a fquare to its diaconaL 

That is, in all conjugate hyperbolas $ andi all tiieir 
diameters, any diameter is to its parallel tangent, in ^ 
conftant rauo of the fide of a fquare to its diagonal, 

G 2 FRO* 
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K&oposirtoH zxn. 

If any Two Linos, that any where interfe£t each oAeTf 
meet the Curve each in Two Points i then 

The Re^bu^le of the Segments of the one : 

to the Redangle of the Segments of the o&er:: 

' As the Square of the Diam. Parallel to the former: 
To the Square of the Diam. Parallel to the latter* 

That isy if CR and cr be Parallel to any two Lines PB<^p9qs. 




For draw the diameter che, and the tangent te and 
Its parallels PK, Ri^ mh, meeting the conjugate of the 
diameter CR in points r, k, i, m. Then, becaufe 
iimilar triangles «re as the fquares of their like fides, we 
have, 

by fim. triangles, cr* : gp* :: AcRi : Aopk, 
and CR* : gh* :: AcRi : aghm? 

theref. by divifion, CR* : gp* — gh* : : CRi ; ilphm* 
Again, by iim. tri. c£* : CH* :: ZiCTE : Acmh > 
and by divifion, cB* ; CH* — cs* :: Acts ^ tehm. 

But, 
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But, by cor. 5 prop 19, the Acte = ACIR, • 

and by cor. i prop, ig^ T£HG = kphc, or tehm s: kphmS 

tlieref. by equ. C£* : CH* cs* : : CR* : op* <— oh* or ph*h^ 

In like manner cb» : ch* — ce* : : cr» : pii«Hq. 

Theref. by equal ca* : cr* : : ph • h<^ : pH • Hq« ^ q.E.D* 

CoROL. I. In like manner, if any other line p^H'q^^ 
parallel to cr or to pq, meet ph<^ fince the rectangles 
PH^Q^ p'H^q' are alfo in the fame ratio of CR* to cr*$ 
theref. the re£b. ph<^: paq :. ph'(^ ; y'n'i^. 

AKoy if another line P^<^ be drawn parallel to 
or €R i becaufe the re<Sbuigles P^hq^ p'hq'' are iliU in the 
iame ratio^ therefore^ in general, 

the redangle pmq^: pH<^ : : pliq^ : p^q'. 

That is, the reCbngles of the parts of two parallel 
lines, are to one another, as the redangles of the parts 
of two other parallel lines, any where interie^ng the 
former. 

CoROL. 2. And when any of the lines only touch the 
curve^ inftead of cutting it, the redangles of fuch become 
Iquares, and the general property ftiU attends them. 




That is, CR* : cr* :: tb* : re*, 

or OR : cr te : re. 
and CR : cr ; : t£ ; te. 

. CoRoi. 3. And henoe tb : Te :: t£ : tet 

G3 FRO- 
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moro^iTi^N xxiix* 



If a Line be drawn through any Point of the Curves, 
Parallel to either of the Axes, and tenmnited at the 
Afymptotes ^ the Redangle of its Segments, meafured 
-firom that Pointy will be equal to die Square of die 
Semi-axis to which it is parallel* 

That is, the Rect. HEK or hck — ca% 

I ■ 

and the lte^» hak or iiek » ca\ 




For draw al parallel to ca, and ai« to CA« Then 
by the parallels, c a* : ca* or At* : : CD* : bh* ; 
and, by prop* 2, ca^ : ca^ ; : cd^ — > ca* : DR*h 
theref. by fubtr. ca* ; ca* : : ca* : dh* — de^ or H£K« 
But the antecedents ca% ca* aro equal, 
theref. the confequents ea*, hek. muik alfo be equal* 

4 In 

» - 
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In like manner we have, again 
by the parallels^ CA* : ca* or al* : : CD* : dm* i 
and, by prop. 3, CA* : ca* :: cd* -♦- ca* : dc*} 
theref. hf fubtr. CA* : ca* :: Ca* : De* — dh* or MeK* 
But thd antecedents ca\ ca* are the fame, 
dieraf« tlie confeqnenCB €a% Heft muft be equal, 
in like manner, by changing the axes, is h£k or hek ax c A^ (^£.D» 

« 

Co&OL* !• BecauTe the red:. H£IL =5 the re^. HeK* 
therefore : en : : eic : bk* 
And confequently^HE is always greater than He. 

CoROi. a*. The re£Ungle h£K s the nSL HBk» 
For, by iun. tri. £h : £H : ; £k : ek. 

SCHOLIUM. 

It is evident that this propofition is general for any 
line oblique to the axis alib^ namely, that ^e redangle of 
the fegments of any line, cut by the curve, and termi- 
nated by the afymptotcs, is equal to the fquare of the 
femi-diameter to which the line is parallel. Since, the 
demonftration is drawn from properties that are common 
to all diameters. 
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PROPOSITION XXIV. 



AU die Re^angles are equal ndiich are made of die 
Segments of any Parallel Lines cut by the Curvc^ and 

liiiiited by the Afymptotes. 

That is, the Re6t. hbk = Re£t» h^k. 
and the B^oO. |i£k = he)c. 




For each of the re^ibngles uek or HeK is equal to 
the fquare of the parallel femi-diameter cs ; and ^ch of 
the. redbngles hfik or hek is equal to the fquare of the 
parallel femi-diameter cj. And therefore the re£UngIes of 
the fegments of all parallel lines are equal to one another* 
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CoROL. I. The redangle hek being conftantly the 
iame) whether the point e is taken on the oiie fide or the 
other of the point of contad x of the tangent parallel to 
HK, it follows that the parts he^ kb, of any Une hk, 
are equal. 

And bccaufe the reclangle hck is conftant, whether the 
point e is taken in the one or the other of the oppofite hy- 
perbdas, it follows that the parts He^ Ke are alio equal. 

CoROL. 2.*. And when hk comes into the pofidon of 

' the tangent dil, the laft corollary becomes il = id, and 
IM ;= IN, and LM = i>N« 

1 

Hence aUb the diameter cir bifeds all the parallels to 
]>L which are tenninated by the afymptote) namely 

RH = RK. 

CoROL . 3 . From the propofidon) and the laft corollary, 

it follows that the conftant rectangle h t k or ehk is — il*. 
And the equal con&antre<^. HeKor eHe = aii.n or im^ — il\ 

CoROLt 4* And hence il = the parallel iemi«diameter cs» 

For the 're6fc. zhb =s il% 
and the eqml red* ene =s im^ — il% 
theref. il* = IM* — 1L% or IM* = 21L* j 
but, by cor. 4 prop. 21, IM* = 2cs% 
and therefore il s cs. 

And (o the afymptotes pailes through the oppoUte angles 
pf all the infcribed parallelograms. 

PRO* 
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r&OPOSITION XXV. 

The Re£bng)e of any two Lines drawn from any Point 
in die Curve, Paralld to two given Lines, and 
Limited by the AfymptoCes, is a Conflant Qnart%. 

That in, if ap, sc, di be FafiHels* 
as alfo A<;^, £k, i»m Parallels, 
tiicn ihall the reSL pa(^= rea. gek = red idm. 




For, produce ke, md to the other afymptote at h, u 

Then, by the parallels, he : ge : : ld : id | 
but, EK : SR :: dm : dm ; 

theref* the re£Ungle hek : gek lbm : xdm. 

But, by the laft prop, the re£l. hek = ldm i 

and dierefore the rcA. gek s nm ss. pAq. <^E.o• 

FRO* ^ 

I 

» 
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PROPOSITION XXV2. 



AH die Paralklognunft m equal which are fcrmed be> 

tween the Afymptotes and Curve, by hias$ Paralld t» 
die Afymptotes* 



That iS| the panl. cgbk ss cfa9* 




For, by prop. 25> die left, obk or cob ts reft» fac^qt cpa. 

But the parsUelograms COBK^ cpa^ being equiangular, 

are as the re£l:angles cos> cpa« 
And therefore the parallelogram gk = pq. 

Thatis, all the infcribed paraUelograins are equal to oQt. 
another* qjLD» 

CoEOl, 
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CoROL. I. Becaule the redauigle gbk orcGB is: 
conftanty therefore gb is reciprocally as co, or 

CG : CP : : PA : GE. And hence the afymptote conti- 
nually approaches towards the curvei but never meets it : 
for GB decreaTeft continually as CG increafes ; and it is 
always of fme magnitude, except when CG is fuppofed to 
be infinitely great, for then ge is infinitely fmal!, or no- 
tiling. So that, the afymptote cg may be conlidered as 
a tangent to the curve at a point infinitely diftant 
from c. 




C II £ G 



CoROL. 2. If the abfcifles CD, ce, cg, &c, taken on 
the one afymptote, be in geometrical progreiEon in- 
creafing j then ihall the ordinates dH) bi, gk, &c, pa- 
rallel to the pther afymptote, be a decreafing geometri- 
cal progreiiion, having the fame ratio. For, all the * 
re^iangles cdh, c£i, cgk^ hcy being equal, the ordi- 
nates DH, Bi, GK, &c, are reciprocally as die ab- 
fcifl'cs CD, CH, CO, &c, which are gcomctricals. Aiid 
the reciprocals of gcometricals are alfo geometricals, and 
in the fame ratio. 

ConoL. 3. But if the abfciiles cd, cb, cg, &c, be 
arithmeticals, or in arithmetical progreflion, then (hall 
the ordinates dh, ei, gk, kc, be harmonicals, or In 
harmonical progrciiion. i or the reciprocals of arith- 
meticals, are harmonicals* 
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PROPOflflTIQK XXVII, 



Every Infcribed Triangle, formed by Any Tangent and die 
two Intercepted^Parts of the Afymptotes, is equal to 

a Conftant Quantity j namely Double the Infcribed 
Parallelognun. 



For, iince the tangent ts is bife&d by the point of 
conta^ s, and ek is parallel to rc^ and gb to ck $ 
therefore CK^ ks, gb are ail equal, as are alfo cg, gt^ ke» 
Confequently the triangle gtb sb llie triangle kes, and 
each equal to half the conftant inferibed parallelogram 
GK. And therefore the whole triangle cts, which is 
compoled of the two fmaller triangles and the parallelo- 
gram, is equal to double the conftant infcribed parallelo- 
gram GK. <^B«D. 



That is, the triangle cts 2 paral. gk. 
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rEOPOSITXOK XXTXII. 



The three following Spaces, between the Afymptotes 
and the Curve^ m equal; namely, the Sedor or 
Trilinear Space contaiiied by an Arc of the Curve 

and two Radii, or Lines drawn from its Extremities 
to the Center, and each of the two QuadrilateraiSy 
contained by the faid Arc, and two Lines drawn, 
from its Extremities parallel to 'one Afymptote, and 
the intercepted Part of the other Afymptote. 

That is, the ie<^or cae - paeg = q^EK^ 
aU ftandii^ upon the ikme arc ab. 




For, by prop. 26, cpa<^= cgek 
fi^trad the common fpace coi<o, 

fo fhall the paral. PI = the par* XK i 
to each add the triiineal ia£, 
then is the quadr. PAIG = QA£ic. 
Again, from the quadrilateral cask 

take the equal triangles CAQ^, CEK, 

and there remains the fedor cae = QAEk. 

Therefore cab qaek =s paeg. q.b.d« 

P RO- 
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PROPOSITION XXIJ(* 

■ 

If from the Point of CoiitiA of any Tangent^ and thp 

two Intorfe^ons of the Curve with a Line parallel 
to the Tangent, three paraflel Lines be drawn in any 
Diredion, and terminated by either Afymptote | thole 
three Lines ihall be in continued Proportion* 

* 

That is, if hkia and the tangent xl be parallel, 
dien ate die parallels d% ei^ gk in eontinued proportion* 




For, by die parallels, ii : it :: dh : hm; 

and, by the fame, EX : IL : : GK : km ; 

dieref. by compof. u* : XL* bh«gk : hmr | 

but^ by prop. 24, the red. hmk = xl* i 

and theref* the reft. br*ok sx si% 

or i>u : w :: £x : GR. <^£.b» 

pao- 
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CONIC SECTIONS* 



F&OPOSITION XXX. 

Draw the femi-diameters ch, cin^ ck i 
Then flialt the fcGbor chi s die fedor cik. 




For, becauTe hk and all its parallels are biieded 
by ciN, therefore the triangle cnh = tri* cnk, 
and the fegment inh s feg* ink } 

confequently the fe6br cih ^ kc. cik. 

CoROL. 2. If the geometricals DH, Ei, gk be parallel 
to the other afymptote, the fpaces dhiEj eikg will be 
equal ; for diey are equal to die equal iedors CHI9 

CIK. 

So that by takii^ any gepxnetricals cd, ce, cg, &c, 
and drawing dh, si» gk» &c, parallel to the other afymp- 

tote, as alib the radii CH, Cl, CK* 



then 
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then the k^ois cm, cik, &c, 

or the fpaces dhzb, siko, Ac, 

will be all equal among themfelves. 

Or the ie6ter« chi, chk, &e, 

or the fpaces dhib^ dhkc, 

will be in arithmetical piogreifion. 

Ai&ddierefoie thefe fedorS) or i^aces, will be analogous 
to the logarithms of the lines or bafes co, CB, co^ kei 

namely chi or dhie the log. of the ratio of 

cn to CB)Or of cb to cg, &c i or of bi to dh» or of ok to ii) &C| 

. and CH& or dhkc the log. of the ratio of 
CD to CG, 5(C, or of OK to DH) &c» 



H OF 
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PROPOSITION U 

The Abfciiies are Proper ti or al to the S<)iiares of their 

Ordinate^ 

Let A VM be a ie^on through 

■r 

the axis of the coiie^ and agih 
a parabolic iedion by a plane 

perpendicular to the former, 
and parallel to the fide vn of 
the cone $ alfo let afh be the 
common interfeftion of the fj*^ 
two planes, or the axis of the * 
parabola, and fg, hi ordi- 
nates perpendicular to it» 

Then I lay that af : ah :: fg* : hi\ 

For, through the ordi nates FG, hi draw the circular 
fe6Uon8 kgl, min parallel to the baie of the con^, having 
KL, MK for their diameters, to vidiich fg^ hi are ordi- 
nates, as well as to the axis of the parabola* 

Then by fimilar triangles af : aa :: fl : hn ; 
but^ becaufe of the parallels, kf s= mh ; 

therefore af : ah :: kf«fl : mh«hn. 

But, by the circle, kf*fl = fg% and mh»hn = Hi*i 
Therefore af : ah ;; fg^ : hi** <^b.d. 
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FG* HI* 

CoROL. I. Hence the third proportional J. or — 

AB AH 

is a conftant quantity, and is equal to the parameter of 
the axis by cor« 5 prop, i of the ellipfe. 

Or AE : EG : : EG : f the parameter. 

Or the redangle p»ae =r eg* 

CoROL. 2. Hence alfo as the property is the fame for 
the ordinates on both iides of the diameter, it follows 
the ordinates dh, hi, on both itdes of the axis are 
equal, or that the double ordinates are bife£led by the 
axis } and that the whole figure, made up of all tli^ double 
ordinate^ is alfo bifeded hj the axis. 



FRO- 
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P&OFOSITIOH II« 

As the Parameter of the Axis » 

Is to the SumofanyTwoOrdinatesi: 

So is the DifFerencc of thofe Ordiiwtes: 

To the Difference of their Abfcifles ; 



That is, p ; CH DB ;: CH — DE : dg, 
Or, p: Ki :: xh : ex. 

A 

















X 



For, by cor. i prop, i, p»ag = gh*, 
and p-AD = DE* ; 

theref. hy fuhtrac* p*dg =: gh^ ^ D£*. 

But GH* — DE* = GH -H £>£*GH — DE = KiaH,* 

theref. the re^ngle P*dg =: kx*XH, 

or p : KI : : IH : DO or Bi. q.b«d. 

CoROL. Hence becaufe p-bx s: Ki«XH) 
and, by cor. i prop, i, p-ag = gh*, 
therefore ag : £X :: gh^ : ici*xh. 

And fo any diameter ei is as the re£langle of the feg- 
ments ki, Xh of the double ordinate ku* 

PRO- 
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PROPOSITION III. 



The Diftance from the Vertex to the Focus is equal to 
i of the Parameter, or to Half the Ordinate at die 

Focus, s 



That is, AF = |f£ = 




For, the general property is af : F£ : : fe ; 
But, by the dehnition, FB =s |p f 

therefore alfo AF == |fz |f. q.E.D, 



H3 



PRO« 
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CONIC SECTIONS* 



yftO^OSlTIOK IV. 

A Line dfiwn ftom Focus to any Point in Ac 
Curve, is cqoal to the Sam of the Focal Diftamro 
and the Abfcifs of the Ordinate to lhat Point. 



ThatiS) FE ss: FA -H AD = CD, taking AC ^ AF. 




% 

ForiinceFD= ad af, 

theref. by fquaring, fd* = af' — 2af«ad ad% 
But, by cor. i prop. i,de* = p«ad = 4AF*ad ; 

theref» by addition, fd* de* = af* -4- zaf.ad -h ad*. 
But, by rt. angled As,fd* h- de* = fe*; 

therefore fe* = af* 2AF.ad -h ad*, 

and the root or iide is fe = af h- ad, 

or F£ =: CD, by taking AG := af. q.£«d. 

Co&OL. 
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CoROLi I. The difference fe — f£ is always equai 
to DD the difierencc of the abicUIes. 

CoKoU 2, Hence alfo the curve is eaiily defcribed 



by points. Namely, in the axis produced take AG = ap 

the focal diilance, and draw a number of lines EE per- 
pendicular to the axis ad; then ^th the diftances 
GD> CP, CO, $ccy as radii, and the centre f, draw arcs 
crofling the parallel ordinates in e, e, e, &c. Then 
draw the curve through ail the points £,£,£• 




H4 



rto. 
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PROPOSITION V. 

If a Line be drawn from any Point in the Axis produced, 
to cut the Curve in two Points ; then fhall the ex- 
ternal Part of the Axis be a Mean Proportional between 
the two Abfcifles of the Ordinates to the two Points 

of Interrcdlion. 

L 

That i% Ai a mean proportional between ad^ ag, 
or, AD ; Ai ;; ai : ag* 




For, by prop, i, ad : ag :: de* : oh*; 
and, by fim. tri. id* : ig* :; de^ : GH*i * 
theref, by equal, ad : ag :; id* : XG*i 
and, bydivifion, ad : do :: id* : ig* — id orDG-iJo 

AD : ID :: ID ; id igj 
AD : AI : : ID : ig 



or 

and by divifion 



IG 



and again bydiv. ad : ai :: ai : ag. 



Q*E.D4 



CoROL* I* * Hence we have ad : ai :: ds : gk, 

COROL. 
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CoROL, 2. If the line be fuppofeJ to revolve about 
the point 1 i then as it recedes fiurther from the axis, the 
points B and h approach towards each other, the point B 
defcending, and the point h afcending, till at laft diey 
meet in the point c when the line becomes a tangent to 
the curve at c. And then the points d and g meet in 
the point m, and tiieordtnates db, gh in the ordinate cm* 
Confequently ad, AG, becoming each equal to am, their 
mean proportional ai will be equal to the abfcifs AM* 
That is, the external part of the axis, cut oiF by a tangenlf 
is equal to the abfcifs of the ordinate to the point of con- 
taa. 




CoROL. 3* Hence the tangents to alt parabolas, whidi , 
have the &mt abfcifles, meet the axis produced in die fame 

point. For if the abfcifs am be the fame in all, the ex- 
ternal axis AI, which is equal to it, will be the iame alfo. 

CoRoL. 4. And hence alfo a tangent is eafily drawn 
to the curve. 

For if the point of conta£l c be given i draw the ordi- 
nate CM, and produce ma till a i be = am; then join 
xc the tangent. 

Of if the point i be given ; take am = AI, and draw 
the ordinate mc, which will give the point of contaA c, 
to which draw zc the tangent. 

PRO- 
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PROPOSITION YU 

If a Tangent to the Curve meet ^e Axis produced; 
then the Line drawn from the Focus to the Point of 
Conta^ will be equal to tbe Diftance of tho Focus 
from the Interfedioii of the Tangent and Am« 

k 

That is, FC = ft* ' 




For draw the ordinate dc to die point of contad. 

I'hcn, by cor, I prop. 5, AT * ad ; 
therefore ft — af -h ad^ 

But, by prop* 4, fc = af ad $ 

tiierefore by equality, fc = ft. q«B.I>. 

CoRbL. !• If CG be drawn perpendicular to the curves 

©r to the tangent, at c ; then (hall fg = FC = ft. 

For draw fh perpendicular to tc, which will alio 
bifed TC» becaufe ft = fc ; and therefore, by the luu 
ture of the parallels, fh alfo biie& tc in F. And gqiip 

fequently fg = ft = fc, 

^o that F is the center of a circle paffiisg through t» Ct o. 
4 CoKOL* 
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CoROL. 2. The fubnormal dg is every where equal to 

the coziftant quantity 2FA, or fT| or | p the femi-para- 
meter. 

For draw the tangent ah parallel to dc, making the 
triangle fha fimilar to gcd. 

Then dc = 2AH, hecaufe dt = 2da : 

confequently dg = 2FA = J p. 

CoROL. 3. The tengent at the vertex AH, is a meaa 
proportional between af and ad. 

For becatiie fht is a right angle, 
therefore ah is a mean between af, at, 
or between af, ad, 
becaufe ad =: at. 
JUkewiie fh is a mean between fa, ft-, 

or between fa, fc. 

CoROL. 4. The tangent tc makes equal angles with 
FC and the axis ft, or with the line ICK drawn parallel to 
the axis. 

- For becaufe ft = Pc, 

therefore the L fct — l_ ftc = its altern. Z. ict. 
Alfo the angle gcf = the angle gck. 

CoROL. 5. And becaufe die angle of incidence gckl 

is = the angle of refle6lion gcf j therefore a ray of 
light falling upon thg curve in the dire6lion KC, will be 
refle&d to die focus f. That is, all rays parallel to the 
A^is, are refle6led to the focvjis, or burning point. 



PRO? 



Digiii^uG 



I08 CONIC *3XCTION8. 

PROPOSITION VII» 

If an Ordinate be drawn to the Point of Contadi: of any 
Tangent, and another Ordinate produced to cut the 
Tangent ; It will be as the Difference of tlie Ordinate^ : 

Is to the Difference added to die external Part : : 

So is Double the firft Ordinate : 
To the Sum of the Ordtnates. 

That is, KH ; Ki ; : K.L : kg. 



T 




for, by cor. i prop, i, P : DC ;: DC : da, 
and p : 2dc : : dc : dt or 2DA. 

But, by fim. triangles, ki : kc : : dc : dt j 
therefore by equality, p : aDc : ; ki : KC, 
or, p : KI :: KL : kc. 

Again, by prop. 2, p : KH : : kg : Kc ; 
therefore by equality, kh : ki : : kl : kg. Q.E.D. 
CoROL. I. Hence, by compofition and divilion, 
we have kh : ki : : gk : gi, 
and HI : HK : : HK : kl, 
alfo IH : IK : : ik : ig ; that is, 

IK is a mean proportional between ig and IH. 
CoROL. 2« And from this laft property we can eafily 
draw a tangent to the curve from any given point i. 
Namely, draw ihg perpendicular to the axis, and take ik 
a mean proportional between ih, ig; then draw kc 
parallel to the axis, and c will be the point of contact, 
through which and i.lie given point 1 the tangent ic is to 
be drawn. 

PRO*' 
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PROPOSITION yiix. 

If there be any Tangent, and a Double Ordinate drawn 
from the Point of Conta£l5 and alfo any Line parallel to 
the AxiSi limited by the Tangent and Double Ordi- 
nate: then (hall the Curve divide that Line in 
fame Ratio, as the Line divides the Doubie Ordinate. 

That is, IE : £K : : CK : ku 




For, by iim* triangles, ck : kx cn : ot or 20a; 
but, by die def, the param. p : CL :: CD : 2da 
therefore by equality, p : CK :: CL : Kl* 
Bttt^ by prop. 2, p : CK : : kl : kb ; 

thcrefbrc by equality, ci : kl :: ki : kb ; 
and, by diviiioa, CK ; KL : ; ie ; £K. <^e.d. 



PRO* 
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CONIC SECTIONS* 



« 

FHOPOSXTXON XX» 



The fame being fuppofed as in Prop, viii : thea fhall the 
External Pare of ^e Line between the Curve and Tan- 
gent, be proportional to the Sqiiais of the intercepted 
Part of the Tangent, or to the Square of the inter- 
cepted Part of the Double Ordinate. 



That 16, IE k as ci* or as ck*. 
and I£y TA, ON, PL, ScCf 

are as ci% ct% co\ cp% &c, 

or as cd\ i,M\ cl\ &c. 




Far, by prop. 8, ic : ex :: ck : kl, 

or, by equality, i£ : ek :: ck'' : CK*KL. 

fiut^by cor. prop, 2, ek is as ihered« ck^ki^ 

and therefore is is as CK% or as ci\ q«B«D. 

COROL. 
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CoROL. T. As this property is common to every po« 
iition of the tangent,* if the lines, ie, ta, on, &c, be ap- 
pended to die poims I, ^c, sLoi movaUe about 
diem, and of fuch lengths as that their extremities 
E, A, N, &c, be ill the curve of a parabola in fomc one 
pofition of the tangent | then making the tangent re- 
volve about the point c, the extremities E, A, Ny Scc^ 
will always form the curve of ibme parabola, in every 
pofitiun of the tangent. 

C«R0L* 2* The parameter of the axis is alfo a third 
proportional to is and CK» 

For, by this prop, bk ikl :: is : ck; 

and, by prop. 2, SK : Kt :: ck : p ; 
4iiejFe£Qre byequalityi 



9 
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* 

PROPOSITION X. 

The Abfciffes of any Diameter, arc as the Squares of 

dieir Ordtnates. 

That is, c<^, cr, cs, &c, 
are as qE\ ra% sn% &c. 
Or c<^: CR : : qi* : Bf a% &c. 




For, draw the tangent CT, and the externals EI, AT, 
NO, &c, parallel to the axis, or to the diameter cs« 

Then, becauie the ordinates qe, ra, $n, iecy are pa* 
rallcl to the tangent ct, by the definition of them, there* 
fore all the figures iq^, i r, os, &c are parallelograms, 
whofe oppofite fides are equal, 

namely xb, ta, on, &c, ' 
are equal to cq^ or, cs, &c. 
Therefore by prop. 9, cq^ cr, cs, &c, 
are as ci% ct% co% &c, 
or as their equals qB% ra% sn% &c« ^b.d« 
CoRoL. Here, like as in prop. 2, the difference of the 
abfcifTes, are as the difference of the fquares of their 
ordinates, or as the' redbngles under the fum and dii^ 
ference of the ordinates, the re^angle under the fum and 
difference of the ordinates being cqiuil to the rc£1:angle 
under the difference of the abfciiles and the parameter of 
that diameter, or a third proportional to any abfcifs and 
its ordinate. 

PRO- 
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PROPOSITIOM XI* 



If a Line be drawn parallel to any Tangent^ and cut the 
Curve in two Points; then if two Ordimtes be drawn 
to the Interfedions, and a third to the Point of Con- 
tact, thefe three Ordinatcs will be in Arithmetical Pro- 
greflion, or the Sum of the Extremes will be equal to* 
Double the Mean* 



For draw bk parallel to the axis, and produce hi to u 
Then, by fini. triangles, ek : hk :: td or 2 ad : CD ; 



That is BG -4- HI s acD. 




but, by prop, 2, ek : HK :: kl : p the param* 
tiicref. by equality, 2AD : kl :: CD : p. 
But, by the defin. 2AD : 2CD : : cd : p ; 
theref, the ad terms are equal, kl = acD, 

that is £G HI = 2CD. 



I 
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COtriC iBCTIOKS. 



PROPOSITION XIU 



Any Diaaeter WeQs all its Double Ordiaates^ or 
Lines paradtel to die Tangent at its Vorteir, 



That is, ME = MH. 





N X 








j 



For to the axis ai draw the ordinates £Gf CD, hi, 
and MN (larallel to thecDy which is equal to cd« 

Then, by prop, xi, 2MN or 2CD = eg -I- HI, 
therefore M is the middle of eh. 
And for the fame reafon all its parallels are bifedted. <^b«d. 

SCHOLIUM. 

Hence as the abicifl^s of anjr diameter and dieir ordi* 
nates ha^e *^e (ante relations as thofe of the axis, namely, 

that the ordinrites are bifcKSted by the diameter, and their 
fquaresi. proportional to the abfciOes \ fo all the other pro- 
perties of the axis and its ordinates and abfciiles, before 
demonftrated, will likewife hold good for any diameter 
and its ordinates and abrciffes. And alfo thole oi the 
parameters, underiUnding the parameter of any diameter, 
as a third proportional to any abfcifs and its ordinate. 
Some of the moft material of whifh are demonftrated in 
the following propofitions* 

p R o- 
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PROPOSITION xiir. 

The Parameter of any Diameter is equal to km Times 
the Line drawn from die Focus to the Vertex of fiat 
Diameter. 

Tbit kt 4rc jm p the paiaiH. <»f jb^ dianu €m» 




For draw the onUnate ma parallel to the tangent CT| 
as alfo CD, MN perpendicular to the aids an, and FH 
perpendicular to the tangent CT. 

•s. 

Then the abfciiles ad, cm or at being equal by 
cor* a to prop'. 5, the parameters will be as the fquares 

of the ordinates cd, ma or ct, by the definition i 
that is, P • P • i cd'^ ; ct*. 
But, by iim. tri« SR : ft :: CD : ct ; 
therefore p : p :: fh*: ft*. 

But, by cor. 3 prop. 6, FH* = fa-ft ; 
therefore p ; p fa*ft : ft% 

or, by equal» p : p fa : ft or fc. 
But, by prop 3, p = 4FA, 
and therefore p = 4FT or 4FC. 

CoROL. Hence the parameter p of the diameter cm 
is equal to 4FA 4AD, or to p -H 4AS> diat i% the pa* 
rameter of the axis added to 4AD. 

I 2 1>&0- 
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COKIC gftCTXONS* 



rROPOSITI^N XIT. 



If an Ordinate to any Diameter pafs through the Focus, 
it will be equal to Half its Parameter ; and its Abfct^ 
equal to One Fourth of the fiune Parameter. 



That is, CM = 1/^ and mb s |p« 




For join fc, and draw the tangent CT< 

By the parallel cm ^ ft $ 

and, by prop. 6, FC = FT j 

alfo, by the lai^ prop. FC = |p > 

therefore cm = Ip. 

Again, by the defin. cm or |p : me : : ME : 

and confequently ME = -fp = 2CM. 



CoROL. Hence, of any diameter, the double ordinate 
which pafleth through the foCus, is equal to the parameter^ 
or to quadruple its ablcift. 
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PROPOSITION XV. 



If then be a Tangent^ and any Line diawn firom the . 
Point <^ Conta6fc and meeting the Curve in fbme 

other Point, as alfo another Line parallel to the Axis, 
and limited by the Firfl; Line and the Tangent: then 
lhall the Curve divide this Second Line in die lame 
JUtion, as the Second Line divides the Firft Line. 

That iS| IS : KK ; : CK : u* * 




For draw LP parallel to lic or to the axis. 
Then, by prop, ^ ]£ : pi. :: ci* : CP% 
or by fim, tri. i£ : PL :: ck* : cl*, 

Alfo, by fim. tri. ik : PL : : ck : cl, 
or TK : PL : : CK^ : CK.CL; 

therefore by equality, i£ ; IK :: ck*cl ; cl% 
or IE : IK : : CK : CL ; 

and, by divifion, is ; SK : : ck : u* 



I 3 PRO- 
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F&OPOSITION XVI. 

If a Tangent cut any Diameter produced) and if an 
Ordinate to that Diameter be drawn from the Point 
of CoduA ; then die Dtftance in ^e Diaitieter pro- 

duccJ, between the Vertex and the Interferon of the 
Tangen^ will be equal to the Abfcifs <}f that Grdi-> 

nate. 

That iS| IE ts u. 



\ 

For, by die laft prop. i£ : ek :: CK : Kt, 

But, by prop. 12, CK =s KL, 

and therefore i£ = £ic. <^E.o* 

Corgi., x. The two tangents ci, li, at the extremis 
ties of ajny double ordinate CL, meet in the fame point of 

the diameter of that double ordinate produced. And the 
diameter drawn through the interfe^tion of two tangents, 
bife^b the line conne^ing the points of contaft. 

CoRoL. 2. Hence we have another method of draw- 
ing a tangent Irom any given point i without the curve. 
Namely, from 1 draw tlie diameter ik, in which take 
-BK = Ei, and through ic draw cl pandlel to die tangent 
at £ ; then c and l are the points to which the tangents 
muft be drawn from i. 

PRO* 
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PROPOSITION XVII« 



If from any Point of the Curve there be drawn a Tan- 
gent, and alfo Two Right Lines to cut the Curve j 
and Diameters be drawn through the Points of In- 
terfedion s and l, meeting thofe Two Right Lines 

in two other Points g and k : Then will the Line 
KG joirang thefe iail Two Points be parallel to the 
Tangent. 



For, by prop. 15, CK ; Kt : : £i : £K ; 

and by comp. CK : ex. : : £x : Ki :: GK : LH by parallels^ 

But, by fim. tri. ck : cl : : ki : lh ; 
theref. by equal, iu : lh : : gh ; lh ; 



By prop. 15, SI : BK :: CK : KL :: CE : EG by the 
parallels. So that the two triangles C£i, keg have their 
angles at £ equal, and the fides about thofe, angles pror 
portional; they are therefore fimilar; confequendy the 

angle at c is equal to the angle at G, and KG parallel to 

CH. <^£«D« 

CoROL. I. Hence we have ki = oh. 

CoROL. 2. Alfo KI or GH is a mean proportional 
between si andLH* 

For, by iStic parallels, si : ki :: cm or ki : &h. 



H 




confequently 
and therefore 



KX = GH, 

KG is parallel and equal to jh. Q.fi.i>. 



OTHBRWISB. 
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p&oposiTioir xnu. 



If a Line be drawn firom ilie Vertex of any Diameter to 

cut the Curve in fome other Point, and an Ordinate of 
that Diameter be drawn to that Point, as aifo another 
Ordinate any where cutting the Line, both produced if 
neceflary : The Three will be continual Proportionals^ 

namely, the t^vo Ord:n..t;;> aaJ t;;e I'art of the Latter 
limited by the ikid Line drawn from the Vertex* 

That is, OH, ci are continual ProportionalSi 
Or o£ : CM : : GH : ci« 




For, by prop, lo, p£* ; OH* :: AD : AG ; 

and, byfim. tri. de ; gi :: ad : ag; 

thercf. by equality de : gi ;: de^ ; gh% 

that is, of the three de, oh, gi, ift ; 3d ;; ift* : 2d*i 
therefore ift : ad ;; 2d : ^ 

that is . PB ; GH ;; GH ; gi. q.E.D* 

* 4. 

CoROL. I. Or their equals gk, gh, or are pro- 

portioiiaU j where EK. is parallel to th? diameter ad, 

» 

Co&OL* 
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Co&oL. 2* Hence we have de ; ag : ; ^ : ci| where p is 
the parameter, or AG : gi : : db : p. 
For, by the defin. AG : oh gh : p. 

CoROL. 3* Hence alio the three mh, mi, mo are pro- 
portionals, where mo is parallel to the diameter, and 
AM parallel to the ordinates. 

For, hy prop. lo, mk, mi, mo, 

or their equals AP, AG, ad, 

are as the fquares of pn, gh, 0£, 
or of their equals ci, gh, gk, 
which are proportioiials by cor, u 



PRO* 
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CONIC SECTIONS. 



PROPOSITION XIX* 



If « Diameter cut any Parallel Lines terminated by the 
Curve ; the Segmeats of the Diameter will be as the 
Rectangle of the Segments of thole Lines, 

That is» BX : em :: ck*kl : nm*mo. 
Or, XK is as the ledangle ck»xl* 



For draw the diameter ps to which the parallels cl, 
NO are ordijiateS9 and the ordinate EQjMrallel to them. 

Then CK is the difference, and kl the fum of the 
ordinates sc^ cr; alfo nm the difference, and mo &e 

fum of the ordinates eq^, ns. And the differences of 
the abfcifles, are qK^ qs, or ek, em. 

Then by cor. prop* 10^ : qs :: ck«kl : nm.mo, 
that is £K> ; £M :: cx*kl : km*mo« 

Co&ol. !• The re<St, ck«kl = red« ek and the param* of ps. 
For the re<St. ck«kl = red. and the param. of ps. 




CoROL* 
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CoROL. 2. If any line ct be cut by two diameters 
£K, GH i the redtangles of the parts of the liae^ are as 
the fegments of the diameters* 

For EK. is as the rectangle ek«icl, 
and GH is as the recttangie CH*HI. j 
therefore ek ; GH :: ck«kl : ch*hl« 

CoiioL. 3« If two parallels cl, no be cut by two 
diameters bm, gi; the redangles of the parts of the 

parallels will be as the fegments of the refpec^ive diame* 
ters. 

* For EK : BM :: cic*kl : nm«mo^ 

and EK : GH :: CK'KL : ch«hl, 

theref. by equal* bm : gh ;: nm«mo ; ch*ml» 

CoRoL. 4» When the parallels come into the pofition 
of Ihe tangent at P, their two extremities, or points in 
the curve, unite in the point of conta(^ p ; and the 
redangle of the parts becomes the fquare of the tao- 
.genty and the &me properties ilill follow them* 

So that^ IT : FT :: py : p die panuot 
GW : pw :: pw : p, 

Ev ; GW :: pv* : pw% 
£v ; GH pv* : ch*hi.* 
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PROPOSITION XX. 



If two Parailelt interfed any other two Parallels; 
die Redbuigles of the Segments wiU be lefpedivdy 

Proportional. 

That is, CK*KL : i>k»k;b :: gi«ih ; Niao« 



dieief. by equal. ck«kl : dk*K£ :: gi*ih : Ni«xa* 

CoROL. When one of die pairs of intededing lines 
comes into the pofitionof their parallel tangents meeting 

and limiting each other, the redlangles of their fegmcnts 
become the fquares of their rclpective tangents. So 
that the conftant ratio of the ledangles, is that of the 
fquare of their parallel tangents, namely, 

CK*KL : ]3K»KB ;; fq. tang, parallel ]U> ci. : fq. tang* 
parallel topB. . 




\ 



For, by cor. 3 prop. 19, 
and bytheiam^ 



PK : Qi :: ck»kl : ci«ih; 
PK : <^ dk*xb ; nx*ioi 



PRO* 
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PROPO$ITXON XXU 



If there be Three Tangents interfe^ng eadi odier % ttcir 

Segments wUl be in the (kme Proportion. 

■ 

That is, CI : ih :: co : gd :: oh : he. 




For dirough the points Oj i, d, h, dra^ Ihe ifiameters 

GK, iLy DM, HN ; as alio the lines ci, ei, which are double 
ordinates to the dianieters CKf hn, by cor. i prop. . i6 ^ 
therefore the diameters ok, dm, hv, 
bifedl the lines cl, ce, le; 
hence km = cm — ck = | C£ — | cl = | le = ln or ne, 

and MN ss MB NS = I CE — ^ L£ =: iCL ss CKWKU 

But, by parallels, oi : IH :: kl : Lir, 

and CG : GD : : CK : km, 

alfo DH : HE ;: MN : ns. 

But the 3d terms kl, ck, mn are all equal | 

as alfo the 4th terms ln, km, ne. 

Therefore the firft and fecond terms, in all the lines, are 
proportional, namely ot : xa :: co : op s; dh ; be« q.e.d« 

PRAC* 
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MENSURATION. 



Quest* i. H AT diiSerence is there between a floor 

28 feet long by 20 broad, and two others each of half the 
dimenfions ^ and what do all three come to at 45s per 
fqiuure> or xoo fquare feet I 

Anf. dif. 280 fq. feeCi Amount 18 guineas. 

Qu. 2. An elm plank is 14 feet 3 inches long, and I 
would have juft a fquare yard flit ofF it ; at what diflance 
from llie edge muft the line be ftruck ? Anf. inches. 

<2u. 3. A ceiling contains 114 yards*6-feet of plaller- 
Jng, and the room a8 feet broad what was tlie length 
of it I Anf. 364 feet. 

Qu. 4. A common joift is 7 inches d«ep» mid 04 

thick ; but I want a fdantling juft as big again, that fhall 
be 3 inches thick i what will the other dimenfion be ? 

Anf. 1 1|. inches. 

Qu. 5. A wooden trough coft me 3s 6d painting 

within, at 6d per yard ; the length of it was 102 inches, 
and the depth 21 inches i what was the width ? 

Anf. zji inches. 

4 Qu. 6. If 
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Qu. 6* If my court yard be 47 fett 9 incfaet iquare^ 
atid I have kid a fbot-padi with Pcnbeck ftone, of 4 feet 

wide, along one fide of it j what will paving the relt with 
flints come to at 6d per fquare yard ? Anf. £s ^t* 

Qy. 7* A ladder, 40 feet long, may be planted, 

that iiiliall reach a window 33 feet frcjin the ground on one 
iide of the ilreet i and, by only turning it over, without 
moving the foot out of its place, it will do the lame by 
a window 21 feet hi^h on the other fide: what is the 
breadth of the itreet ? Anf* 56 feet inches. 

Qu. 8. The paving of a triangular court, at i8d per 
Ibot^ came to lool i the longeft of the three fides was 88 
ieet i required the fum of the other two equal fides. 

Anr, 106*85 feet. 

Qy. 9. There are two columns in the ruins of Perfe- 
polis left fhmding upright i tbe one is 64 feet above the 
plain, and the other 50 : in a flraight line between thefe 
flands an ancient finall llatue, the head of which is 97 
feet from the fummit of the higher, and 86 feet from tbe 
top of the lower column, the bafe of which meafures 
juft 76 feet to the center of the figure's bafe. Required 
the difbnce between the tops of tlie two columns. 

Anf. 157 feet nearly. 

Qu. 10. The perambulator, or fur vcying wheel, is lb 
contrived, as to turn juft twice in the length of a pole, 
or 16^ feet; required the diameter* Anf. 2*626 feet* 

Qy. zj. In turning a one-horfe chatie within a ring 

of a certain diameter, it was obferved that the outer 
wheel made two turns while the inner made but one : 
^e wheels were both 4 feet high i and, fuppoilng them 
fixed at the flatutable difbnce of 5 feet afunder on the 

axletree, 
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axletrer, wfiat was die circumfereiice of die track d&« 

fciibcd by tbe uuier wheel : Anf. 63 feet nearly. 

Qy* 12* What is the iide of that equilateral triangle 
' wfaofe area coft as much paving at Sd a foo^ as die paUi- 
fading the three fides did at a guinea a yard ? 

Anf. 72746 feet. 

Qu. 13. In the trnpezium ABCD are given ab = 13, 
BC = 51-p CO = 24» and da = iS, alTo b a right angles 
requirdl the area. Anf. 4io«i22. 

Qu. 14. A roof, which is 24 feet 8 inches by 14 feet 6 

inches, is to be covered with lead at 81b per fquare foot: 
what will it come to at x8s per cwt ? Anf. £ 22 19 xo^» 

Q^. 15. Having a rectangular marble flab, 58 inches 
by 27, I would have a fquare foot cut off parallel to the 
diorter 6dge ; I would dien have the like quantity divided 
from the remainder parallel to the longer fide ; aiid 
this alternately repeated, till there lhall not be the quan- 
tity of a foot left : what will be the dimenfioos of the 
remaining piece ? Anf. 207 inches by 6*o86. 

Qu. i6. Given two fides of an obtufe-angled triangle, 

which are 20 and 40 poles ; required the third fide that 
the triangle may contain juft an acre of land. 

Anf. 58*876 or 23*099. 

« 

Qy. 17. The end wall of a houfe is 24 feet 6 inches 

in brculth, and 40 feet to the eaves; ^ of which is 2 
bricks thicic, j- more is 1?: brick thick, and the reft i 
brick diick. Now the triangular gable rifes 38 courfcs 
of bricks, 4 of which ufually make a foot in depth, and 
this is but 44. inches, or half a brick thick: what will 
this piece of work come to at 5I lOS per ftatute rod ? 

Anf.^ 20 XI 7i. 
Qu, i8* How 



Digitized by 



If RATIO K« I29 

Qu* x8i How many bricks will it take to build a 
wall 10 feet high, and 500 feet long, and a brick and 
half thick, reckoning the brick 10 inches long, and 4 
coudcs to the foot in height ? Anf. 36000. ' 

Qu. 19* How many bricks will build a iquare pyra^ 
flfiid^ of 100 feet on each fide at the bafc, and alfo 100 feet 
perpendicular height : the dimcnfions of a brick being fup» 
pofed 10 inches long, 5 inches broad, and 3 inclies thick. 

Anf. 3840000* 

Qv« 20. If feom a right-angled triangle, whofe bafe 
is 12, and perpendicular 16 feet, a line be drawn parallel 
to the perpendicular cutting off a triangle whoie area is 
34 fquare feet ; required the iides of this triiuigle. 

Anf. 6> 8> and 10. 

Qu. 21. The ellipfe in Grofvenor-fquarc meafures 840 
links acrofs the longeft way, and 612 the Ihortoft, within 
the nils t now the walls being 14 inches thick, what 

ground do they inclofe, and what do they ft and upon I 

M - C inclofe 4ac or 6 p. 
iftandoni76oifqfcet. 

Qu. 22. If a round pillar, 7 inches over, have 4 feet 

» 

of ftone in it ; of what diameter is the column, of equal 
length, that cpntains 10 times as much ? 

Anf. 22*136 inches. 

Qy. 23. A circular fifh-pond is to be made in a gar* 
den, that ihall take up juft half an acre ; what muft be 
the length of the cord that ibrikes the circle f 

Anf. 27^ yards. 

Qu, 24. When a roof is of a true pitch, the rafters 
are «^ of the breadth of the building: now fuppofmg the 
^oaves-boards to project lo inchea^on a fide, what will the 

K new 
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nppmg s hauk ooft, ifaat lacafiim 39 feet 9 biduB 
longy by 22 feet 9 Indies bmd on the llif^ at 1 5s per 

iqiuie? Aaf. £ B 15 

Qy. 25. A cable which is 3 feet long, and 9 indies in 
cempafiy imgfae %ilhi wbat will a fittlMim of tluit cable 
wetglH fHiicb ineaifiires a foot aboQt? Anf. yS^lbw 

Qu. 26» plumber bas put ftflb per fquare foot 

into a ciftern 74. inches and twice the thickneil^ of the 
lead longy 26 inches broad, and 40 deep ; he has alio put 
ftree ftays wctok it within^ 16. inches <leep» of the lame 
flrength, and reckons 223 per cwt» for woric and fliaterials* 
I, being a mafon, have paved him a workiho[^ 22 feet 10 
inches broad, with Purbeck fton^ at jdper foot} and 
npon the balance I find there is ^ 6d doe to him; what 
was the length of the workQiop I Anf. ^2f o^inch. 

Qp. 27. , The diftance of the centers of twa circks» 
whde diameters are each 50^ heing given equal to 301 
what is the area of the lpa«e indofipd bj their circumfer* 
toces? Anf. 559 x19. 

Qu. 28. If 20 feet of iron railing weigh half a ton 
when the bars are an inch and quarter fquare^ what will 
.5oieet come to at 3id per lb, the bars being but ^ of an 
inchfquare? Anf. ^20 o 2^. 

Qu. 29. The area of an equilateral triangle, whofe 
bafe ^ on the diameter, and its vertex in the ooiddle of 
the arc of a femicirde, is equal to XOO I what is thediame>. 
tcr of the femicirde ? ' Anf. 26 •32143^ 

Qy. 30. It is required to find the thicknefs of the lead 
in a pipe of an inch and quarter bore, which weighs 141b 
per yard in length 5 fte cubic foot ^f lead weighing 
S132S ounces. Anf. 20737 indwi 

. Qy. 31. Shp- 
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MENSURATION* IJI 

Qff^ jx. Smfole the CKpitnce of pavipg a ibmiicircular 
Isiot, at 28 44 per ioQti comf to iq1» what'is the diameter 

of it ? An[, i^'TJ^p 

Qu. 32, What is the length of a chord v/hich cuts ofF j. 
t>f the area from a circle whofe diameter is 289 ? 

. Anf, a78*67i6« 

Qp* 33* My plumber has iet nie up a ciftern, and, 
tiis (hop-book being burnt, he has no means of bringing 
in the charge, and I do not choofe to take it down to have 
it weighed ; but bj meafure he finds it contains 64-^ fquare 
leet» and that it is precifely | of an inch in thicknefs. 
Lead was then wrought at 21! per fothcr of 19^- cwt. It 
is requijred from theie items to make out the b ill^. allow- 
log 6j.o3& for the ureight of a cubic inch of kad. 

Anf. £4t It % 

Qy. 34« What will the diameter of a globe be^ when 

the folidity and fuperficial content are expreflcd by the 
fame number I ^ htii* 6* 

Qu. 35« A iaclCj that would hold 3 bufliels of corn, 
is %%i inches btoad ^en empty } what will another lack 

contain which, being of the ikme length, has twice its* 
breadth or circumference I Anf. 12 buihels* 

Qu. 36. A carpenter is to put an oaken curb to a 
round well, at 8d per foot fquare : the breadth of the 
Curb is to be 71 inches, and the diaaieter within feet : 
what will be the expence I Anf. 5s 2^. 

Qu. 37* A gentleman has a garden 100 feet long, 
and Soviet broad ; and a gravel walk is to be made of an 
equal width half round it : what muft the breadth of Ac 
walk be to take up juil half the ground I 

K a An£ 315*968 feet. 

Q. 38. A 
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1^2 QJJ£5TICNt IN 

Qu. 38. A may-pole whofe top, being broken ofF b/ 
a blaft of wind, ftnick the ground at 15 feet diftance frooi 
the foot of the pole ; what was the height of the whole 
may- pole, fuppoung the length of the broken piece to be 
39 feet \ Anf. 7 5 feet. 

Qu* 39* Seven men bought a grinding ftone of 60 
inches diameter, each paying -f part of the expence ; 

what part of the diameter muft each grind down for hi& 
ibare? 

Anf. the ift 4*4508, 2d 4*8400, 3d 5*3535, 4th 
6*0765, 5th 7*2079, 6th 9*3935, 7th 22*6778. 

Qu. 40. A maltfter has a kiln that is 16 feet 6 inches 
fquare ; but he wants to pull it dawn, and build a new 
one diat may dry three times as much at once as the dd 
one s what muil be the length of its fide ? 

Anf. 28 f 7 inches, 

Qu* 41. How many 3 inch cubes may be cut out of a . 
12 inch cube \ Anf. 64. 

Qy. 42. How long muft the tedier of a horfe be, diat 

will allow him to graze, quite around, jull: an acre of 
ground \ Anf* 39^ yard$% 

Qy. 43. What will the painting of a conical ipire 
come to at 8d per yard ; fuppofmg the height to be 1x8 

feet, and the circumference of the bai'e 64 feet ? 

Anf.^ 14 o 8^. 

Qy. 44. Th$ .diameter of a ftandard com bufliel is 
J 8 i inches, and its depth 8 inches ; then what mufi the 

diameter of that bufhel be whofe depth is 74^ inches ? 

Anf* i9*io67. 

Qu* 45. Sup* 
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Ql . 45. Suppofe the ball on the top of St. Paul's 
church is 6 feet in diameter i what did the gilding of it coil: 
at 3^ per fquare inch I Anf. £ 237 19 lo^. 

Qij. 46. What will a fruftum of a marble cone come 

to at I2S per folid foot ; the diameter of the greater end 
being 4 feet, that of the lefs end j-^ and the length of 
the ilant fide 8 feet ? Anf, £%0 i 10^. 

• 

Qu. 47* To divide a cone into three equal parts by 

fe£lions parallel to the bafe, and to find the altitudes of 
the three parts, the height of the whole cone being 20 
inches, 

Anf. the upper part 1 3*867 

, the anJdic part 3*604 

the lower part 2*528 

Qu. 48. A gentleman has a bowUng-green, 300 feet 
long, and . 200 feet broad, which he would raife 1 foot 
higher, by means of the earth to be dug out of a ditch 

that goes round it: to what depth muft the ditch be dug, 
fuppofmg its breadth to be every where 8 teet ? 

Anf. 7f| (eet» 

Qu. 49* How high above tiie earth muft a perfon be 
railed, that he may fee \ of its furfiice ? 

Anf. to the height of the earth's diameter* 

Qu. 50. A cubic foot of brafs is to be drawn into 
wire of ^ of an inch in diameter ; what will the length 
of wire be, allowing no lofs in the metal ? 

Anf. 97784797 yards, or 55 miles 984797 yards* 

Qu. 51. Of what diameter muft the bore of a cannon 
be, which is caft for a ball of 241b weight, fo that the 
diameter of the bore may be ^ of an inch more than that 
of the ball ? Anf. 5757 inches. 

K 3 Qu. 52. Sup • 
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Qu. 52. Suppofing the diameter of an iron 9 lb ball 
to be 4. inches, as it is very nearly j it is required to find the 
diameters of ^e feveral balls weighing i» ^ 3» 4« 6* 
12, 18, 24, 36, and 42 lb, and Ac caliber of their guns, 

allowing of the calibsi, or ^ of die ball's di^meteri 
for windage. 

Anfwer. 



Wt 


IKameUr 


Caliber 


ball 


ball 




I 


1-9230 


1*9622 


2 


2*4228 


2*472;^ 


3 


27734 


2-83;-: I 


4 


3-0526 


3'^H9 


6 


3*4943 


3-5656 


9 


4*0000 


4-0816 


12 


4*4026 


4*4924 


18 


5*0397 


5*1425 


24 


5-5469 


5 '660 1 


36 


6-3496 


64792 


42 


66844 


68208 









' Qy< 53* Suppofing the windage of all mortars ba 
alloWed.to be ^ of the caliber, and the diameter of die 

hollow part of the ihcU to be -j^ of the caliber of the 
mortar; it is required to determine $he diameter aud 
wei^t of ^ flidl, and die Quantity or wei^t of powder 

r^uifite to fill it, for each of the fcvcral forts of mortars^ 
namely, the 13, 10, 8, 5*8, and 4*6 inch mortar. 

Anfwe^. 



Ctltb. 

UMt$, 




cnptj 


Wt«f 
powdtr 


Wt Adl 
filled 


♦•6 

5'8 
8 

12 


4'5a3 ' 

5-703 
7867 

9*833 
12783 


■ 

8»320 

16*677 

43-764 

85-476 
187791 


0^587 
1*168 

3'o65 
5-986 
^3*i5i 


8*003 
17*845 
46-819 
91*462 
200*942 
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MENSURATION* fjj; 

Qy. 54* If a heau^y fphere, whofe diameter is 4 Inckes, 
^ let liill into a conioal g|al5» fiill of water^ whofe diame* 
4er Is 5, and sddtude 6 inches $ h is required to detennine 

llOW much water will run over. 

Anf. 26*272 cubic inches, or near ^ parts of a pint* 

Qu, 55* The dimenfions of the fphere and cone being die 
lame as in the laft queftion, and the cone only 4 full of 
water ; required what part of the axis of the fphere is im- 
merfedin.the water; Anf. '546 parts of an inch* 

Q{^* 56* The cone being itiil the iame^ and | full of 
witer I required the diameter of a fphere which ihall be 

juft ail covejred the W4iUii. Anf. 2*445996« 

Qu. 57. If a pcrfon, with an air balloon, afcend ver- 
jticfdly h<m London, to fuch height that he can juft fee 
Os^rd appear in liie honson; it is required to detenaiae 

his height above the earth, fuppofing the earth's radius 
to be 3965 miles, and ^ diiiance between London and 

Oxford 49*5933 miles. 

Anf, 4^ of amile, or 547 prds ifbotr 

Qy. 58. In a garrifon there are three remarkable 
obje^ At c, the diftances of which from one to 
another are known to be ab 213, AC 4^4* ^^d £c 262 
prds ; I am defirous of knowing my pofition and dif- 
tance at a place or ftation s, from whence I obienred 
the angle asb 13*^ 30'^ and the Jtogte c^b 29* 5c/, both 
t>y geometry and trigonometry* , 

A.. 

Anfwer* 
AS605I, BS429i, cs 524» 

K 4 Qt. 59' R«« 
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Qu. 59. Required the fame as in the kft quellion, 
when the point b is on the other fide of ac, fuppofing 
AB 9, AC i2y and Bc 6 furlongs ^ alTo the angle asb 

33° 45 > angle bsc 22° 30*. 



Anfwer. 

AS 10-64, B5 i5'64, cs 14 01. 




Qu. 60. It is required to determine the magnitude of 
a cube of gold, of the ftandard finenefs, which (hail be 
equal* to the national debt of 240 million of pounds } (iip- 
poling a guinea to weigh 5 dwts 9^ grains. 

Anf. 15*3006 feet, 

Qir. 6i. The ditch of a fortification is 1000 feet long, 
9 feet deepy 20 feet broad at bottom, and 22 at top; 
how much water will fill the ditch f 

J\nf. 1158182 gallons nqarJ^, 



f 

i 
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SPECIFIC QRAVITY. 



1 HE (pecific gravities of bodies, are their relative 
weights contained under the iamc given magnitude « as a 
cubic foot, or a cubic inch, &c« 

The fpecific gravities of feveral ibrts of matter m cit* 

prefTed by the numbers annexed to their names in the fol- 
lowing table. 



ji Tabic of thi Specific Gravitiis sf BodicSf 



Fine gold 


19640 


Bfick 


2Q0O 


Standard gold 


18888 


Light earth 


1984 


Quick-filver ' 


14000 


Solid gun-powder 




Lead 




Sand 


1520 


Fine i liver 


H091 


Pitch 


1150 


Standard fdver 


10535 


Box-wood 

« 


1030 


Copper 


9000 


«Sea-water 


1039 


Gun metal 


8784 


Common water 


1000 


Caft brafs 


8000 


Oak 


925 


Steel 

• 


7850 


Gun-powdpr, ihaken 


922 


Iron 




Aih 


800 


Caft iron 


7425 


Maple 


755 


Tin 


7320 


Eiai 


600 


Marble 


2700 


Fir 


550 


Common ftone 


2520 


Cork 


240 


Lppm 


2160 


Air at ameanihte 
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fjH 8P1CIFIC C&ATITY. 

Note, The (cveral forts of wood are fuppofed ' to be 
4rf* Aires as a cubic foot of water weighs jufl looo 
oimces avoirdupots, the nmnbtts in this tabk exprefe, not 
only the fpecific gravities of the feveral bodies, but alfo the 
weight of a cubic £oot of each, in avoirdupois ounces ; and 
ifaence^ by proportion^ the weight of any other quantity, 
Mst the quantity of anytith^r might, may hffkxmn^ as in 
the fojlowaig problems* 

Pfi.0£LSM I* 

Tfl Jind the Magnitude of any Body from its Weighty 

As the tabular fpecific gravity of the body, 
)s to its weight in ayoirdupois ounces, 
So is Me c«bic foo^ or 1798 cabic inches. 
To its ^M»pt ipiJtet, or inches, refpedtively^ 

EXAMPLES* 

X. Ilequired the content of an irregular block of 
common iione which wpig^ i cwt, or 112 lb. 

hf^. I2a8|^ cob. inc» 

* Ex. 2. How many c^bic inches of gun-powder ar^ 
l^fre in 2 lb weight* JVnf. 30 cubic inches nearly. 

3. How many ciibic feet are there in a ton weight 
«f *4hry oak? AnT* 384^ cubic leeti 

Tifidibi Wh^tt if a Bdiyfrm its Adt^tudtf 

As one cubic foot, or 1728 cubic inches, . 
Is to the content of the body. 
So is its tabular ipecific gravity, 
To the weight of the body. 



I 



6F&CIVIC GKAYITVi t|f 

EXAMPLES. 

Ex. I. Requited the weight of a block of marbfe^ whofe 
length is 63 ieet» and breaddi and thicknefs each is feet ; 

jbeing the dimeiifions of pne of the Hones in the waiis of 

683-^ tou> which is nearly equal td die burthen of 
an EaiKIndia fttp. 

Ex. 2. What is the weight of x pint^ ale mesfore, of 

gua-powder ? Anf. 1 9 oz. nearly, 

Ex. 3. What is tie weight of a block of dry oak, 
whi(:h meafures lO feet in length, 3 feet broad, and 2^ feet 

Anf.4335fjlb. 

PROBLEM III* 

To find the Specific Gravity a Body. 

Case i. When the body is heavier than water, weigh 
i|$ both in water and out of water, and take the difference^ 
Hfhicli will be die weight loft in water* Then 

As the weight loft in water. 
Is to the whcde weighty 
So is the fpecific gravity of Water, 
Xo ^e fpecific gravity of the body* 

EXAMPLE. 

A piece of ftone weighed 10 lb, but in water only 6|. lb, 
required its fpecific gravity, Anf. 3077. 

Case 2. When the^body is lighter lhan water, fo that 
it will not qi^ite fink 3 affix to it a piece of another body 
heavier than water, fo that the mafs compounded of the 
two may fink together. Weigh the heavier body, and the 

compound mals, fepLirately, both in water and out ot it ; 

th^nfind how mucl^ e»ch lofcs water, by fuba:a^ting its 
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5i»£CiYIC Q&AVITYf 



weight in water from its weight in air i and fubtrad^ the 
l.els of thefe remainders from the greater* Then 

As this laft remainder. 

Is to the weight of the light body in air^ 

So is the fpecific gravity of water. 

To the ipccific gravity oi the body* 

BXAMP LB. 

Siippole a piec^ of elm weighs , 15 lb in air, ajid that a 
piece of copper, which weighs 18 lb in air and 16 lb in 

water, is affixed to it, and that the compound weighs 8 lb 
in water i re(juired tiie fpecific ^ravit^ of the plm, 

Anf. 6oo. 

PROBLEM IT* 

To find the ^antuUs of Two Ingredients m a given Qjm^ 

pound, ' 

Take the three differences of every pair of the three 
^ecific gravities,, namely, the fpecific gravities of thecom- 
ppund an4each ingredient ; and m^iltiply the difieren):e of 
every two fpecific gravities by the fhird* Then, as the 
greateft: produ6l is to the whole weight of the compound, 
fo is each of the other produds to the tyi^o weights of the 
iogradientSf 

' EX AMP LB* 

A compofition of 112 lb being made of tin :inJ copper, 
'whofe ipecific gravity is found to be 8784 i required the 
quantity of each ingredient the fpecific gravity of tin being 
f 320^ and of copper 9000. 

Anfwer, there is 100 lb of copper? r*- 
a^d confeq. iz lb of tin^^ j compofition. 



OP 
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WEIGHT AND DIMENSION* 



or 

BALLS AND SHELLS. 



X H E weight and dimenfions of balls and {kells might 
be found from the problems laft given concerxiing fpectfic 
gnvky* But they may be found f^ill eafier by means of 
Ae experimented weight of a ball of a given fize, from 
the known proportion of iunilar figures, namely, as the 
cubes of their diameters. 

PROBLEM i« 

To find the Weight ef en Iron Bally from its Diameter* 

An iron ball of 4 inches diameter weighs 9 lb, and the 
weights being as llie cubes the diameters, it will be as 

64 (which is the cube of 4) is to 9, fo is the cube of the 
diameter of any other ball, to its weight. Or take of 
the cube of the diameter, for the weight. Or take -J. of 
the cube of the diameter, and ^ of that again, and add the 
two together, for the weight. 

EXAMPLES. 

Ex. X. The diameter of an iron fliot being 6*7, re* 
quired its weight. Anf. 42*294 lb. 

Ex. 2. 
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Ex. 2. What is the weight oi an iron ball whofd 
diameter is 5*54 inches i Anf. 24lb# 

PROBLEM lit 

To Jtndthe iF eight ef a Leaden BalL 

A leaden ball of 4j inches diameter weighs iflhi 
therefore as the cube of 4J to 17, or nearly as 9 to 2, 
fo is the cube of the diameter of a leaden ball) to its 
weight* 

Or take | of the cube of ibe dianleteri Ibr ^ wei^ 

nearly. 

EXAMPLES. 

Ex. X. Required the weight of a leaden ball of 6*6 
kxihes diameter. Anf. 63'<881b. 

Ex. 2. What is Ibe weight of a leaden bail of 5*24 
inches diameter? Anf. 32 lb nearly* 

FROBLIM Ifl« 

To find tht Diamitcr if om Irm BidL 

Multiply the weight by 7^ and die cube rool of di0 
produ^ will be the diameter* 

XXAMFLBS^ 

£x. I, Required the diameter of a 42 lb iron ball* 

Anf. 6*685 inches* 

EXt 2. What is the diameter of a 241b iron ball ? 

Anf* 5*54 indMi. 



PROBLEM IV. 

7^ find tht PUmuier of a Leadm Bett. 

Multiply the weight by 9, and divide the produ£t by 2s 
,tben the cube root of the quotient will be the diameterv 

RXAMFLXB. 
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EXAMPJUfiS. 

Ex. X. Re^nred the diameter of a 641b leidea balT. 

Anf. ^'605 inches. 

E:r. 2. What Is tbe &meter of an &Ib leaden batt? 

Anil 3*303 iachcs, 

PROBLEM r« 

T9 find the IVtight an hm Shei. 

Take of the difference of the cubes of the external 
-and internal diameter, for the weight of the ihell. 

That is, from the cube of the externa] diameter take 
cube of the internal diameter, multiply the nmiainder 
by 9» and divide the prodttd by 64* 

« 

EXAMPLES. 

£x» r» The out(ide diameter of an iron (bell being 12*8, 
and the iniide diameter 9"! Inches ; required its weight. 

Anf. 188-941 lb. 

* 

Ex. 2. What is the weight of an iron fhell, whofe ex* 
ternal and internal diameters are 9*8 and 7 inches ? 

Anf. 84^ lb* 

PROBLEM VI. 

7o find how much Powder will fiU a Shell. 

Divide the cube of the internal diameter, in inches, by 
57*3, for the lbs of powder* 

EXAMPLES. 

Ex. I. How much powder wiU fill the ihcll who& in* 
ternal diamteter is 9*1 inches ? Anf. 13^ lb nearly* 

£x« 2. How much powder will fill the iheli whofe in- 
ternal dtameter ia 7 inehesil AnC 61b. 

6 PEO- 
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OF BALI»S 



p m o B 1 s M rii. 

fold how much Pnodtr wsU fiU a Re^mtgukr Box* 

Find the content of the box in inches, by multiplying the 
icDgthi breadth, and depth all together* Thea divide by 
30 for the poumb of powder. 

BZAMPI.BS. 

Ex. I. Required the quantity of powder that will fill i 
box, the length being 15 inches, the breadth 12, and the 
depth 10 inches. Anf* 60 lb* 

£z. %. How much powder will fill a cubical box 
vAno/k fide is 22 inches I Anf. 57I lb. 

p n o s L £ M VIIX. 

To find how much Powckr will fill a Cylinder, 

Multipljr the fquare of the diameter by the length) diea 
divide by 38*2 for the pounds of powder. 

BXAMPJLBS. 

Ex. I. How much powder will the cylinder hold 
whole diameter is 10 inches, and length %o inches ? 

AnC S2\Viii nearly. 

Ex. 2. How much powder can be contained in the 
cylinder, i^ofe diameter is 4 inches, and lengdi 12 inches? 

Anf. 5t|t^'>* 

P JR. O B L £ M IX. 

To find the Size of a Shell to contain a given IFeight of 

Powder*' 

Multiply the pounds of powder by 57*35 and the cube 
root of the produd wiU be the diameter in inches. 

EXAMPLES. 

Ex. I. Wh^t is Che diameter of a (hell that will hold 
J 3J lb of powder? * Anf. 9*1 inches. 

£x^ 
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£x» 2. What is the diameter of a ihell to contain 61b 
of powder ? Anf* 7 inched 

PROBLEM X. 

Tif find thi Sizi of a Cubical Bm i9 contain a givin ftVght 

cf Powder. 

Multiply the weight in pounds by 30, and the cube root 
of the produd will be the iide of the box tn inches. 

SX AMPLB8* 

£x. I. Required the fide of a cubical box to hold 50 lb 
of gun-powder. Anf. 11*44 inches. 

£x. 2. Required the iide of a cubical box to hold 
400 lb of ^ttn-powder. Anf. 22*89 h^^heSt 

PROBLEM XI. 

Ttf find what Length of a Cy linder will be filled by a given 

Weight of Gun-powder 9 

Multiply the weight in pounds by 38*29 and divide the 

produ£l: by the fquare of the diameter in inches, for the 
length. 

Ex. I. What length of a 36 pounder gun, of 6| inches 

diameter, will be filled with 12 lb of powder ? 

Anf. 10*3x4 inches. 

Ex. 2. What length of a cylinder of 8 inches diameter 
may be iilled with 20 lb of powder I . Anf. ii{4ii^c* 



or 
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t A t h ^ k'Hi> SHELLS. 



Iron baUs and ifadls are coimnofily piled, by horizontal 

courfes, either in a pyramldical or wedge-like formj the 
baife being either an equilateral triangle, a fquare, or a . 
re6fauigle. In the triangle and fqilare, the pile will finiih 
in a fihgle boll ^ but in die redbinglc, it will fiiiifh in a 
^^le row of bails,, like an edge. 

In triangular and fquare piles, the number of horizontal 
fOW8| or courieSy is always equal to fhc number of balls m 
one fidi bF die boibm row. And m ktSsmguliir piles, 

the number of rows is equal to the number of balls in the 
breadth of the bottom row* Alfa in the number in the 
top row» or edg^ b one more tiiaft the di£[erence betwceii 
the length and breadth of the bottom row* 

PROBLEM I* 

T§ fold the NunAir rf Balk in a Trimigiikr Pik* 

Multiply continually together the number in one fide of 
the bottom row, that ni^ber increafed by i, and the fame 
number increaled by 2| and ^ of the laft produd will be 
the anfweirr 

That 
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FILING OF BALLS AN0 SHELLS* I47 

T^t iS} ^^ . JtT . fn^ ' ^ - " ' is the number or fum ; vrketc 

6 

js is the number in the bottom row* 

Ex. I . Required the number of balls in a triangular pile, 
each ilde of the baie contaimng 30 bsdls. Anf. 4960* 

£x. 2. How many balls are in the triangular pil^ 
each .£de of the hofe containing 20? Anf. 1540, 

PROBLEM 11* 

Ti findths Number of Mails in a Square FiU» 

Multiply continually togedier die number in one fide of 
the bottom cour^ that number increafed by and double 
the iame number increafed by i i thf q i of the laft pro« 
AaSt wiU be die anfwer* 

Thatis, is die number* 

6 

EXAMPLES* 

Ex* I. How many balls are in a fquare pile of 30 rows I 

, £x* 2* How many bails are in a iquare pile of 20 
rows I AdL 2870^ 

PROBLEM III* 

I 

T 9 find the Number of Bails in a ReSf angular PtU. 

From 3 times the number in the lengdi of the bafe row, 
fttbtraft one \eCs than the breaddi of die fame^ multiply die 
lemainder by the faid breadth, and the produtSl by one 
more dum the iame i and divide by 6 for the anfwer* 

That is, ^*^-Hi'3^-b-4>i ^ number; where 
i is the leiiigtb, and ^ the breadth oi the loweil courie. 

L 2 

■ 
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PILING OF BALLS AND SU£LLft> 



Nffti. In all the piles, the breadlii of the bottom is ei|ua! 

to the number of courfes. And in the oblong or redan* 
gular pile, the top row is one more than the difference be- 
tween the length and breadth of the bottom. 

EXAMPLES. 

Ex. I. Required the number of balls in a re6bngiilar 

pile^ the length and breadth of tiiu bale row being 46 and 15. 

AnT. 4960. 

Ex. 2. How many iliot are in a rectangular complete 
pik) the length of the bottom courfe being 59, and its 
breadth 20 ? Anf. i xo6o» 

PROBLEM IV. 

To find the Number of Balls in an Incomplete Pile, 

From die number in the whole pile, confidered as com<* 
plete, fubtradt the number In the upper pile which is* 
wanting at the top, both computed by the rule for their 
proper form ; and the remainder will be the number in ^e 
Aruftumt or incomplete pile. 

EXAMPLES. 

Ex. J. To hnd the number of iiiot in the incomplete 
triangular pOe, one fide of the bottom courfe being 40, and 
the top courfe 20. Anf. ioi50» 

Ex. 2. How many fliot are in the incomplete triangular 
pile, the fide of the bafe being 24, and of the top 8 ? 

Anf. 2516. 

Ex. ^. How many balls are in the incomplete fquare 
pile, the iide of the bafe being 24, and of the top 8 ? 

Anf. 4760. 

Ex. 4. How many ihot are in the Incomplete re£bui- 
gular pile, of X2 couries, the length and breadth of ther 
We being 40 and 20 ? Anf. 6146. 

OB 
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O V 

DISTANCES 

BY T H B 

VELOCITY OF SOUND. 



J3 Y various experiments it has been found that found 
flies, through the air, untfbrmljr at the rate of about 1142 
feet in I fecond of time, or a mile in 4|- feconds. And 
therefore, by proportion^ any diftance may be found cor- 
reiponding to any given time ; namely, multiply the given 
time, in ieconds, by 11 42, for the correiponding diihmce 
in feet i or take -^^ of the given time for the diilance in 
miles. 

Note. The time for the paflage of found m the inter- 
val between feeing the flafh of a gun, or lightning, and 
hearing the report^ may be obferved by a watch, or a fmall 
pendulum. Or it may be obferved by the beats of the 
pulfc in the wrift, counting, on an average, about 70 to a 
minute for perfons in moderate health, or si pulfations to 
a mile $ and more or leis according to circumftances. 

BXAMPLBS. 

Ex. I. After obferving aflafh of lightning, it was 12 
feconds before I heard the thunder s requited the difiance of 
die doud firom whence it came. Anf. 2^ miles. 

L 3 £x. 2* 
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Ex. 2. How long, after firing the tower guns, may 
the report be heard atShooters-HiUy fuppoftng the diftance 
to be 8 miles in a ftraight line ? Anf. 37^ feconds. 

Exi 3, After obferving tiie firing of a large caanon.at 
a diftance, it was 7 feconds before I heard die report ; 

what was its diflance f Anf. i-^ mile. 

Ex. 4. Perceiving a man at a diftance hewing dovva a 

tree with an axe, I remarked that 6 of my puliations palled 

between feeing him ftrike and hearing die report of the 

blow; what was the diftance between us, allowing 70 

pulfes to a minute ? Anf. i mile and 198 yards. 

• 

Ex. 5. How far off Was the cloud from which thunder 
ilTued, whofe report was 5 pulfations after the flaih of 
lightning; counting 75 to a minute? Anf* 1523 yards. 

Ex. 6. If I iee the flafti of a cannon fired by a ihip in 
diftrefs at iea, and hear the report 33 feconds after, how 
far is £bc off ? ^ Anf. 7,!^ miles. 
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M£CHANXC% STATICS, HYDROSTATIC^ SOUH]>» M0« 

TiON, GRAVITY, PROJECTILES, AND OTHER 
BRANCHES OF NATURAL PHILOsbPHY* 



Question i- JV£QUIR1:D the wnghtof a caft 

iron ball of 3 inches diameter, fuppofing the weight qf 
a cubic inch of the metal to be 0-2^8 lb avoirdupois. 

Anf. 3*64739 lb. . 

Qu« 2» To detennijie the weight of a hollow ipherical 
iron fheU 5. inches in diametei^ the thickneft of the metal 

i>eiiig one inch. Anf. 13*2387 ib* 

Qu« 3. Being one day ordered to observe how far a, 

battery of cannon was from me, I counted by my watc|i 
ij fecoods between the time of feeing the Dafh a^id hew- 
ing the rq|K>rt $ what was the diftance? AnC 3i.iiules« 

Qy. 4. If die diameter of the eardi be 7930 miles^ 

and that of the moon 2160 miles ; required the proportion 
of their furfaces, and alfp of their foliditics j iuppoiing 
them both to be globubr, as they are very nearly. 

AnC ^e forfait are as 13^^ to I nearly* 
and the foliditie^ a$ 49^ to x nearly. 

L 4 Of* 5* it 
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Qv* 5« It 18 propofed to determine the proportional 
quantities of matter in the earth and moon ; the denfity of 

the former being to that of the latter as loto 7, and their 
diameters as fpecified in the preceding problem. 

Anf* as 71 to I neatly. 

Qu. 6. What difference is there, in point of weight, 

between a block of marble containing i cubic foot and a 
half, and another of brais of the iame dimeniions I 

Anf. 4961b I40Z. 

Qu. 7. In the walls of Balbeck in Turkey, the an- 
cient Heliopolis, there are three ilones laid end to end, 
now in fight, that meafure in length 61 yards i one of 
^ich in particular is 21 yards or 63 feet long, 12 feet 
thick, and 12 feet broad: now if this block be marble, 
what power would balance it, fo as to prepare it for 
' moving ? 

* Anf. 693^ tons, the burthen of an Eaft-India (hip. 

Qu. 8* The battering-ram of Vefpaftan weighed, fup- 
pofe 100000 pounds ; and was moved, let us admit, with 
•fuch a velocity, by ftrength of hands, as to pafs through 
20 feet in one fecond of time s and this was found fuffi- 
cient to demoliih the walls of Jerufalem. The queilion 
is with what velocity a 321b ball muft move, to do the 
•>fame execution. Anf. 62500 feet. 

Qy. 9. There are two bodies, of which the one con- 
tains 25 times the matter of the odier, or is 25 times 

heavier ; but tiie lefs moves with 1000 times the velocity 
of the greater : in what proportion then are the momenta 
or forces with which they are moved ? 

Anf. the leis moves with a force 40 times greater. 

QtT. 10. A body, weighing 20 Ib^ is impelled by fuch 

i force as to fend u thiough ico feet in a iecoud ^ with 

what 
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what velocity then would a body of 8 lb weight move, if ' 
it were impelled by ^e (kme force P 

Anf. 250 feet per fecond* 

. Qu. II. There are two bodies, the one of which 

weighs ICO lb, the other 60; but the lefs body is im- 
pelled by a force 8 times greater than the other 5 the pro- 
portion of the velocities^ with which thefe bodies mov^ 
is required* 

Anf. the velocity of the greater to tliat of the lefs, as 3 to 40. 

Qy. 12. There ai:e two bodies, the greater contains 
8 times the quantity of matter in (he lefs, and is moved 
with a force 48 times greater ; the ratio of the velocities 
of thefe two bodies is required. 

Anf. the greater to the leis, as 6 to i. 

Qu. 13. There are two bodies, one of which moves 

40 times fwiftcr than the other but the fwifter body has 
moved only one minute, whereas the other has been in 
motion 2 hours : the ratio of the Ipaces defcribed by thefe 
two bodies is required. 

Anf, the fwifter to the (lower, as i to^ 3. 

Qu. 14.. Suppofmg one body to move 30 times 
fwifter than another, as alfo the fwifter to move 12 
minutes, the other only i : what dlBference will tiiere 

be between the fpaces defcribed by them, fuppodng the 
laib has moved 60 inches ? Anf. 1795 feet. 

Qu. 15. There are two bodies, the . one of which has 
pafied over 50 miles, die other only 5 ; and die firft had 

moved V. ith 5 times the celerity of the fecond : what is 
the ratio of the times they have been in defcribing thofe 
(paces ? Anf» as % to !• 

^ Qu. 16. If 
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Qu, i6. If ^ Imri 40 efiedive inches long, will) lif 
a certain power thrown {uccetEveiy upon it, in 13 hoiirs» 
railc a weight 104 feet ; in i^at time will two other levers, 
each 18 eii^dive inches long, raife an equal weight 73 
Ibet? Anf. 10 hours Sfmmutes. 

Qu. 17, What weight will a mai^ be able to raife, who 
|»eflfes with die force of a hundred and a half, on the end 

of an cquipoifcd handfpike 1 00 inches long, meeting with 
a convenient prop exadly ji inches from the lower end of 
die maehine ? AnC 2072 lb. 

Qti. 18^ A weight of i| lb laid on the ihoulder of a 
man is no greater burthen to him than iti ablblutis wei^t^ 

or 24 ounces : what difference will he feel, between the 
faid weight applied near his elbow, at 12 inches from the 
iboujder, and in the palm of his hand, 28 inches from the 
fame ; and how much more muft his mufdes then draw to 

fupport it at right angles, that is, having his armftretched 
right out? Anf. 241b avoirdupois* 

Qy, 19. What weight hung on at 70 inches from 
the centre of motion of a fleel-yardi will balance a finall 
gun of 9f cwt, freely fufpended at 2 inches difbmce from 

the faid centre on the contrary fide ? Anl. 30^ ib. 

Qu. 20. It is propofed to divide the beam of a fteel- 
yard, or to find the points of divilion where the weights X)f 
h ^ 1» 4) ^ 11> on the one fide, will balance a 
confknt weight of 95 lb at the diftance of 2 inches on the 
other fide of the fulcrum, the weight of the beam being 
JO lb, and its vhok iei;gth 36 inches. 
Anf. 30* i5i 7r ^ 5> 4h 3l» 3t> 3» 

Qy. 21, Two men car/ying a burthen of 200 lb 
weight betiiinBen them, hung on a pole» the ends of which » 
reft on their flioulders i how much of this load is borne by 

each 
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each man, the weight hanging 6 inches from ihe middle^ 

atid the whole length of the pole being 4 feet ? 

Anf. 1251b and 751b* 

Qy. 22. If, in a pair of fcales, a body weigh 90 lb in 
one fcak) and only 40 lb in the other ; required its true 
. weight, and the proportion of the lengths of the two arm» 

of the balance beam on each ilde of the point, of fuf- 
penfion* 

Anf. the weight 60 lb, and the propor. 3 to a. 

Qu. 23. To find di6 weight of a beam of timber, 

or other body, by means of a man's own weight, or any 

other weight. For inftance, a piece of tapering timber, 

24 feet long, being laid over a prop, or the edge of another 

beam, is found to balance itfelf when the prop is 13 feet 

from the Icfa end ; but removing the prop a foot nearer to 

the faid end, it takes a man's weight of 210 lb, {landing 

on the lefs end, to hold it in equilibrium. Required the ^ 

weight of the tree. Anf, 25201b. 

Qu. 24. If AB be a cane or walking*ftick, 40 inchei ' 

long, fufpended by a firing sd faftened to the middle point 
J) : now a body being hung on at £, 6 inches diftant from 
D, is balanced by a weight of alb, hung on at the larger 
end A but removing the body to f, one inch nearer to 
0, the 2 lb weight on the other fide is moved to G, 
widiin 8 inches of d, before the cane will reft in equili- 
brio. Required the weight of the body* Anf.24lb« 

Qy* 25* If AB, BC be two inclined planes, of the 
lengths of 30 and 40 inches, and moveable about the joint 
at B : what will be the ratio of two weights p« <^ in equi* 
, librio upon the planes^ in ail portions of them j and what 
will be the altitude bd of the angle b above the hori « 

zontal plane AC when this is 50 inches long ? 

Anf. BD = 24 > and p to q^as /lm to bc, or as 3 to 4* 

Qtf« 26. A 
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Qu. 26. A lever of 6 feet long is fixed at right angles 
in a fcrew, whofc threads are one inch afunder, fo that the 
lever turns juil: once round in raifing or depreffing the 
icrew one inch. If dicn this lever be urged by t weight 

or force of 50 lb, with what force will the fcrew prefs ? 

Anf. 22619I lb* 

Qu. 27* If a man can draw a weight of 150 lb up the 
fide of a perpendicular wall, of 20 ieet high; what 

weight will he be able to raife along a fmooth plank of 30 

feet ioQgt ^aid ailope from the top of the wall ? 

Anf. 225 

Qv. 28* If a force of 150 lb be applied on die head 

of a re^angular wedge, its thickr^efs being 2 inches, and 
the length of its fide 12 inches; what weight will it 
raife or balance perpendicular to its iide i 

Anf, 900 lb. ' 

Qir, 29. If a round pillar,, of 30 feet diameter, bt 
laifed on a plane, inclined to the horizon in an angle of 
75% or the (haft inclining 15 degrees out of the perpen* 

dicuiarj what length will it bear before it ovcrfct ? 

Anf. 30(2 -f- ^3) or XI 1*9615 feet/ 

Qy. 30. If the greateft angle at which a bank of 
natural earth will ftand, be 45^} it is propofed to de* 

termine what thicknefs an upright wall of (lone muft be 
made throughout, juil to fupport a bank of 12 feet 
high I the fpeciiic gravity of the ftone being to that of 
eardi, as ^ to 4. AnA i2v^-rT> 876356 feet. 

Qtj. 31. If the {lone wall be made like a wedge, or 
having its upright feckion a triangle, tapering to a point 
at top) but its fide next the bank of earth perpendicular 

to 
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to the horizon i what is its thickneis at the bottom fo as 
to fupport the fame bank ? 

Anf. 12*/^ or 10733126 feet. 

Qy. 32. Bat if die earth will only ftand at an angle 
of 30 degrees to the horizontal line ; it is required to de- 
termine the thicknefs of wall in both the preceding cafes* 

Anf. the breadths are the (ame as before, becauie the 

area of the triangular bank of earth is increafed in 
the fame proportion as its horizontal puih is de> 
creafed. 

Qu. 33. To find the thicknefs of an upright re6bngtt- 
lar wall, neceflSiry €0 fupport a body of water ; the water 

being 10 feet deep, and the wall 12 feet high ; alfo the fpecific . 
graviqr of the water, as 11 to 7. Anf. 4*204374feet. 

Qu. 34. To determine the thicknefs of the wall at 
the bottom, when the fe^on of it is triangular, and the 
altitudes as before. Anf. 5*1492866 feet. 

Qy. 35. Suppofing the diftance of the earth from the 
fun to be 95 millions of miles, I would know at what 
diibnce from him another body mull be placed, fo as to 
metve light and heat quadruple to that of the earth. 

Anf. at half the diilance, or 4j| millions. 

Qu. 36. If the mean diftance of the lun from us be ic6 
of his diameters, how much hotter is it at the furface of 
the fun, than under our equator ? 

Anf. 1 1 236 times hotter. 

Qy. 37. The diftance between the earth and fun 

being accounted 95 millions of miles, and between Ju- 
piter and the fun 495 millions i the degree of light and 
heat received by Jupiter, compared with that of the eardi, 
is required. 

Anf. ^^T> nearly ^ of the earth's light and heat. 

Qu. 38. A 
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Qv. 38. A certain bodj oh die fnrfiice of Ac earth 
weighs a cwt, or 112 lb $ the queftion it whttfier thia 

body muft be carried, that it may weigh only 10 lb. 
Anf* either at 3*3466 femi-diameCerBy or ^ of aiimii- 
diameter from the center* 

Qy. 39. If a body weigh i pound or 16 oances upon 

the furface of the earth, what Will its weight be at 50 
miles above ity tailing the earth's diameter at 7930 
miles. Anf. 15 OK ^ dr nearly. 

Qu. 40* Wheie-aboots, in the line between the 

earth and moon, is their common centre of gravity : fup- 
pofing the earth's diameter to be 7930 miles, and the 
moon*ft I160 ; alfo the denfity of the former to that of 
the latter, as lo to 7, and ^eiT mean diftance 30 of die 
^th's diameters ? 
Anf. at Iff parts of a diam, from the earth's center, 

or ^Vt ^ ^ diameter, or 963 miles bdow the 

furface* 

Qu. 41* Where-abouts, between the earth and moon, 
are tiieir attraiStions eijual to each other i Or, where muft 
another body be placed, £9 as to remain in equilibri<^ not 
being more attra£led to the one dian to the other, or 
having no tendency to fall either way ? Their dimeafions 
1>eing aa in the laft queftion* 

Anf. From the earth's tenter 26 A 1 of the earth's di« 
From the moon> centre ameters. ' 

Qy. 42. Suppofe a ftoqe, dn^t into an abyfe, ihould 

be flopped at the end of the iith fecond after its delivery, 
i9liat fpwoe \fiould it have goiae through ? 

Anf. i<946Vt^ 

<Jy, 43. What is die diflference between the depths 
of two wells, . into each of which flhonld a ftone be dropP^* 
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it tiie liimt hMaoAi mk wtU ifarike tiie bottom at 6 

ieconds, the o&er at lO? Anf. 1029J ^'^^^ 

Qu« 44* If a ftone be 19^^ ieconds in deicending from 
the top of a precipice to the bottom, what is Its height? 

Anf. 611$^ feet. 

Qy. 45. In what time will a mufket baU, droppo! 
ftoin the top of Salifbory fteeple, Gad to be 400 feet high, 
reach the bottom ? Anf. 5 fee. nearly. 

Qu. 46. If a heavy body be obferved to fall through 
100 feet in the laft fecond of time, from what height did 
it fall, and how long was it in motion ? 

Anf. lime 3^ fee. and height 209!^^ feet* 

Qy, 47. A flone being let fall into a well, it was ob- 
ferved that) after being dropped, it was 10 Ieconds before 
the found of die M at the bottom reached the «ar» 
What is the deplh of the weH ? Anf. 1170 ftec nearly. 

Qy* 48* It is propoled to detennine the length of a 
pendulum vibrating Ieconds in the latitude of London^ 

where a heavy body fails through feet in the firfl: 

lecond of time. Anf. 39*11 inches* 

By experiment this length is found to be 39^ inches. 

Qy* 49. What is the lengtii of a pendulum vibrating 
in a keonb $ alio ift half a lecond^ and in a quarter le« 

cond ? 

AaL tkc % iecond pendulum 156} 
die i iecond pendulum 

the ^ fecond pendulum inches. 

Qy. 50. What di£Fcrence will there be in the number 
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of vibialioiis ntde by a pendulum of 6 inches long^ and 
another of 12 inches long, in an hoiir^ time?* 

Anf. 2692!. 

Qy» 5I» Obfcrved that while a flone was defcending 
to meafure the depth of a well, a firing and plummet, 
that from the point of fufpenfion, or the place where it 

WIS held, to the center of ofcillation, mcafured juft 18 
inches, had made 8 vibrations* What was the depth of 
the welW Anf. 4x2*61 feet^ 

Qu« 52. If a ball vibrate in the arch of a circle, 10 
degrees on each ftde of die perpendicular $ or a ball roll 

down the loweft 10 degrees of the arch ; required the 
velocity at the lowefl point : the radius of the circle^ or 
lengdi of &e pendulum, being oo inches. 

Anf. 4*4213 feet per fee. 

Qu. 53. If a ball defcend down a fmooth inclined 
plane, whofc length is 100 feet, and altitude 10 feet; 
how long will it be in defcending, and what will be |jie 
laft velocity? 

Anf. the veloc. 25*364 feet per fee. and time 7*8852 fee. 

Qu. 54. If a cannon ball of 1 lb weight be fired 
againft a pendulous block of wood, and ihriking the center 
of ofeillatioti, cau&itto vibrate an arc whofe chord is 30 
inches ; the radius of that arc, or diftance from the axis 
to the lowed point of the pendulum, being 118 inches, 
and the pendulum vibrating in fmall aires 40 ofciUations per 
minute. Required the velocity of die ball, and the ve« 
locity of the center of ofcillation of the pendulum at the 
loweft point of the arc i the whole weight of the pendu- 
lum being 500 lb. 

Anf. veloc. ball 1956-6054 feet per fee. 
and veloc. cent, ofcil. 3*9054 feet per fee. 

Qu. 5^. How 
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Q?* 55* How deep wiU a cube of oak iink in com- 
mon water s each £de of the cube being i foot I 

Anf. I i-jiy inches. 

Qu. 56. How deep will a globe of oak imk in water 5 
the diameter being i foot I Anf. 9*9867 inches. 

Qy. 57, If a cube of wood, floating in common water* 

have 3 inches at its height dry above the water, and 
Arir inches dry when in lea water ; it is propofcd to de« 
tehnine the magnitude of the cube* and what fort of 
wood it is made of. 

Anf. the wood is oak* and each fide 40 inches. 

Qtr* 58. An irregular piece of lead ore weighs in 
air 12 ounces, but in water only 7 ; and another frag. 

ment weighs in air 14^ ounces, but in water only 9; re* 
quired their comparative deniities* or Ipecihc gravities. 

Anf* as 145 to 132* 

Qu. 59, An irregular fragment of glafs in the fcalc 
weighs 171 grains, and another of magnet 102 grains ^ 
but in water the firft fotches up no more than 120 grains* 
and the other 79 : what then will their fpecific gravida 
turn out to be ? 

Anf. glafs to magnet as 3933 to 5202* or nearly as xo 
to 13. 

Qu. 6o. Hiero* king of Sicily* ordered his jeweller to 
makehim a crown, containing 63 ounces of gold. The work* 

men thought that fubftituting part filver was only a proper 
pcrquiiite ; which taking air* Archimedes was appointed to 
examine it ; who, on putting it into a vellel of water* found 
it raifed the fluid 8*2245 cubic inches: and having dif- 
covered that the inch of gold more critically weighed 
|0'3l6 ounces* and that of fiiver but 5*85 ounces, he found 

M by 



Digitized by Google 



l6a PEACTIOAL XXI&CISSS 

by cakulation what part of hit majefty's gol^ bad bfien 

changed. And you arc defired to repeat the procels. 

Anf. 2^*8 ounces* 

Qu. 6i* SuppoEng the cubic inch of common glafs 
weigb 1*4921 ounces avoirdupoia^ the fiime of fea water 
•59542, and of brandy •5368 ; Aen a feaman having a 
gallon of this liquor in a glafs bottle, which weighs 
3*84 lb out of water, and to conceal it from the officers 
of the cuftoms, throws it overboard. It is propoied to 
determine, if it will fink, how much force w M juR buoy 
it up, - Anf. 14- 1496 ounces. 

Qy. 62. Another perfon has half an anker of brandy, 
of the fame fpecific gravity as in the laft queflrion; the wood 

of tile cafk fuppofe meafures J- of a cubic foot ; it is pro- 
pofed to a&gn what quantity of lead is jud requiiite tQ 
keep Ac cail; and liquor under water* 

Anf. 89743 ounces. 

t 

Qu. 63. Suppofe by meafurement it be found that 
. fiinaii mf war, with its ordnance, rigging, and appoint? 
•ments, finks lb deep as to difplace 50000 cubic fpet cf 
water j wh^t is the whole weight qf the veflel ? 

Anf. j39StV tons* 

Qy. $4. It is required to determine what would be the 

height of the atmofphere, if it were every where of the 
fame denfity as at the furface of the earth, when the 
quickiilver in the barometer ftands at 30 inches i and alfo 
what would be the height off a wa^^r barometer at the fame 
time. 

Anf. height of the air 175000 feet or 5*52^0 miles, 
height of water 35 feet. 

Qv» 65« With iifhat v^ocity would es(ch of thofe 

three 
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three fluids, viz, quickfilver, water, and air, ifllie through 
a fmall orifice in the bottom of vellcls, of t;he refpe6tive 
heights of 30 inches, 35 feet, and 5*5240 miles $ eftt- ' 
mating the preflure by the half altitudes, and the air rufh- 
ing into a vacuum ? feet. 

Anf. the veloc. of quickfilver 8*967 
die veloc. of watet 33*55 
the veloc. of air 968*6 
Eut eflimating by the whole alt. the veloc. of air is 1369'B 
And the mean between theie two is 1169*2 
which is nearly the velocity of found, and alfo nearly equal 
to the velocity of a ball through the air when it fuifers a 
refinance equal to the prefiure of the atmofphere. 

Qy. 66. A very large vcflcl of 10 feet high (no mat* 

ter what fliape) being kept conftantly full of water, by a 
large fupplying cock at the top j if 9 fmall circular holes, 
each f of an inch diameter, be opened in its perpendicular 
' fide at every foot of the depth ; it is required to deter- 
mine the fevcral diftances to which they will fpuut on the 
horizontal plane of the bafe, and the quantity of water 
difcharged by all of them in 10 minutes. 

Anf. the diftances are 
^18 or 4.24264. 

- 5*65685 

^42 - 648074 

^48 - 6*92820 

^50 . 7*o7io6 

</48 - 6-92820 

^42 - 6*48074 

^32 - 5*t)5685 

V^i8 - 4*24264 
and the quantity difcharged in 10 min. 87*5997 gallons. 

M 2 Qy. 67. If 
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Qjj* 67* If <he iimer axis of » hoUow globe of cq>pei^ 
eidiaiifted of air, be 100 feet ; what thicknefs muft it be o^ 
that it may ju(l Boat ii) air ? 

AnT. ^02688 of ad inch tiiick, 

. 68* If a fpherical balloon ^f copper of ^ov of 

an inch thick, have its cavity of 100 feet diameteri and 
be filled with inflammable air of of the gravity of com- 
mofi air ; vrkut weight will juft balance jt, and prevent it 
from rifing up into the atmofphere, Anf. 20453 lb. 

Qu. 69. If a glafs tube, 36 inches long, clofe at 

top, be Ivink perpendicularly into v»ratei, till its lower or 
open end be 30 inches below the furface' of the water 
how high will die Water rife within the tube, the quick- 
filver in the common barometer at the fame time ftanding 
at 29t inchi^s I ' ' * Anf. 2*26545 inches* 

Qu. 70. If a diving bell> of thq form of a parabolic 
conoid* be let down into die fea to the feveial depths 
of 5, 10, 15, and 20 fathoms s it is required to aflign 

th^ rcfpeclive heights to which the water will nfc withiii 
it: its axis and the diameter of iu bale being each 8 feet, 
and the qi^ickiilyer jn die barometer Aanding at 30*^ 
fnches. 

Anf. at 5 fath* deep the water rifes 2*03546 feet^ 
at 10 - - - 3*06393 
at 15 - - - 370267 
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To exercife the 
t)OC TRINE OF FLUXIONS* 



Quest, i. A LARGE veiTel of lo feet high^ and 
. of any (hape, being keptconftandy full of water» by means 
of a fupplying cock at the top j it is propofed to ailign the 
place where a fmall hole muft be, made in the fide of it^ 
lb that the water may fpout through it to the greateft 
diftancc on the plane of the bafe. 

Anf, the hole in the middle fpouts fartKeil, 

Qu« 2. If the (ame veiiel ihuid on high, with its 
bottom a given height above a horizontal plane below ; it 

is propofed to determine where the fmall hole muft be, • 
fo as to fpout farthefl on the faid plane. 

Anf* in the middle between the plane and top of 
the veilel; 

Qy. 3. But if th^ fcflcl ftand 6n an inclihed plane, 
making an angle of 30 degrees with the horizon, it Is 
t>ropofed to determine the place of the fmall hole, fo as 
•to fpout the fartheft on the faid inclined planet 

Anf. 1 "^ a below the top^ the altitude of the veilel 
being df. 

M 3 QU. 4, Re- 
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Qu, 4« Required the (m of a ball, which, being let 
fall into a conical glafs full of water, (hall expel the moil 

water polTible from the glafs i its ulutude being 6 inches, 
and diameter 5. 

Anf. the diameter of the ball inches. 

Qu. 5. It is propoicJ to deiermine the altitude and 
diameter of a conical glafs, capable of containing a* pint 
of water, fo that a heav^ ball of 4 inches diameter, being 
dropt into it when full, may difplace the moA water 
poiTible. - 

Anf* the altitude 4*8450 

and diameter 5^716 inches. 

Qy. 6. The dlilance between two horizontal planes is 
ay and they are both cut at an angle of 30 degrees by 

« 

an oblique plane. Query from what point in the upper 
plane a ball muft be dropped, fo that flriking the inclined 
plane, and thence rebounding from it, the ball may range 
the fartheft poiHble on the lower horizontal plane $ with 

tlie whole time the ball is in motion. 

Anf. height above point ftruck on the obi. pi. a, 
the greateft range . - - • — n or 2^ 

the whole time v^X^ 4. ^ — 3_ — :r 4»8i7i when«aioo. 

Qy. 7. If an elaftic ball be let fall from the height of 

100 feet aUo\'c the phine of the bafc ot a hcmllphcrc, of 
10 feet diameter, lying upon a horizontal plane j it is 
propofed to determine on what part of the hemtfphere the 
ban muft impinge, fb that h may thence rebound to die 
greateft diftance on the plane i sdfo to aiign the extent of 
that diftance, and the whole time in modon* 

AnC flrikes the hemtf« at 4*01x2 above thebafe, 
the greateft diftance 1 1 .y i'^^^ without the hemifph. 
and the whole time 4*1^)705 ^ hi motion. 

Qy. 8. The 

« 
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Qy. S, The fame hemifphere, of id feet diameter, 

1\ ina; on a horizontal plane, a ball begins to roll down it 
at 48' 36'' from its vertex. Q|iery the point at which 
* the ball will quit the hemifphere, as alfo the place where 
it will ftrike the plane, and the vAuAe time it Is in 
motion. 

. AnA qqits at 3*333 above the bafe> 

the time 1*61662" on the hemifphere^ 

the fame 0-27465 after quitting it, 
therefore the whole time 1*89127 in motion, 
and ftrikes the plane at 1*62267 beyoiid the hemlfphere. 



M4 PRAC- 
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CONCB&KIKG FORCES } WITH THE RELATION BETWREIT 
THSM AND THE TIME, VBLOCITT» AND SPACE 

' DESCRIBED. 



SeFORE entering upon the following problems, 
it will be cotivenient here to lay down a fynopiis of the 
theorems which exprefs the (everal relations between 

any forces, and their correfponding times, velocities, and 
fpaccs defcribed} which are all comprehended in the 
following 12 theorems. 

4 

' Let ^ F be any two conftant accelerative forces, a^ng 
on any body, during the refpedlive times ^, T, at the end 
of which are generated the velocities v, v, and defcribed 
the Ipaces s* Then, becaiife the fpaces are as the 

times and velocities conjointly, and tiie velocities as the 
forces and times i we ihall havCs 

4 

L Ih C$nftaiU FmeSf 



I. 


s 
s 




tv 

TV 




T*F 




V 




/' 

IT 




ST 

$i 


3- 


t 




FV 

A 




sv 

Tv 


4* 
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9 




TV 
/V 




tV 



FS 

FS 



And 
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And if one of the forces, as f, be the force of gravity 
at the fiufice of the earth, and be called x, and its time 
T be = i" j then it is known by experiment that the cor- 
reTponding fpace s is = 16^'^ feet, and coniequently its 
velocity v = 2S s 32^^ which call 2gy namelj g s 16^ 
leet or 193 inches. Then the above lour theorems, ia 
this cafe, become as follows : 

4g/ 



5- 


s = 




6. 




.^. = ^=, 






V is 


?• 




%gf V 


8. 


/ = 


V s 



if' 



4^' 



And from thefe are deduced the fbUowing four theorems, 

for variable forces, viz. 

II. In VariahU F^rat^ 



10. ^ = =: %gfi 



« 



12. / = — = 

^gt 

In thefe four theorems, the force /, though variable, is 
fuppofed to be cooftant for the indelimtely (mall time ti 
aiid they are to be uied in all cafes of variable forces, as the 
iformer ones conftant forces i namely, from the circum- 

Hances 
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fiances of the problem under confide rati on, neducc ancx* 
fieffion for the value of the force which fuhftitute in one 
of thele dieorems, which fhall be proper to the cafe in hand, 
and the equation thence refulting will determine the cor- 
reifioiiding values of the other quantities required in the 
{irobkm. 

* 

Note. That the motive force w, of a body, is equal to 
fqy the produ6i: of the accelerative force, and the quantity of 
matter in it ; and, therefore, m will be found byfubftituting 

for / in the theorems above. 

Alfo the momentum, or quantity of motion, is qv^ the pro- 
dud of the velocity and matter. 

It is alfo to be obfcrved, that the theorems equally hold 
good for the deftrudion of motion and velocity, by means 
of retarding forces, as for the generation of the fame by 
means of accelerating forces* ^ 

And to die following problems, which are all reiblved by 

the application of thefe theorems, it has been thought proper 
to fubjoin their folutions, for the better information and con- 
venience of the ftudent* 

The following table of the moft common and ufeful 
forms of fluxions and fluents, is inferted, as it ndll be found 
very ufeful for aflig i lug the fiueiits found in many of the 

following problems. 

Note* The logarithms mentioned in the Huents, are the 
iiyperboltc oiies» and the radius of the circle is i. 
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PROBLEM I. 

To determine the time and velocity of a body defcenJ^ 
uig, by the force of gravity, down an inclined plane ; tbd 
length of the plane being 20 feet, and its height 1 foot. 

Here^ by mechanics, 20:1 :: 1, the force of gravity: 
^ = the force on the plane* 

Theref. bythcor. 6, vor is x 16 /^- X X '^^ 

ss i6Vt = 2 X 4^ = 8^ feet, the laft velo- 

city per fecond. 

And, by theor. 7, t or x/± is v/ ^ - = v^i22. 

s ss feconds, tiie time of defcending* 

PROBLEM lU 

If a cannon ball be fired with a velocity of 1000 feet pcf 
iecond, in the direction of, and up, a fmooth inclined plane^ 
ari&s I foot in 20 : it is propofed to affign the length 
which it will aicend up the plane before it Otops and begins 
to return down again, and the time of its afcent. 

Here/ = ^ as before. 

«^ L ^ V* 1000* 

Then, by theon 5, x = — . = 



^^^^^■22 s= 3io88oJff feet, or nearly 59 miles, th« 
193 

diiiance moved. 
And* bv theor. 7* / JL ss 1000 ^ i20000| 

' ' 21/ 2Xl6xVXJ^ 193 

sa 62i"4$J = 10' 2l''iih of 



PROBLEM 
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FROBLBM III. 

u a ball be projedied up a fmooth inclined plane^ which 
iriles I foot in lO^ and afcend lOO feet before it ftop : re- 
quired the dme of afcent, and the velocity of projedtoiu 

Firft, by theor. 6, v = \^/^gfs = v/4 X 161V X -A X 
20 = 8^y^io= 25*36408 feet per fecond, the velocity. 

And, bytheor,7, < = v/;^ = y/ '°° . = ^ Vio 

= rfV^^ == 7*88516 feconds, the time in motion, 

PROBLEM IV, 

If a baU beobferved to aicend up a fmooth inclined plancy 
100 feet in ten feconds, before it ftop^ to return back again: 

required the velocity of projedion, and the aii^le of the 
plane's inclination. 

2J 200 

Firft, by theor, 6^ v = Zl » Jfr =s 20 feet per fee. the 

velocity. 

And, by theor. J_= That 

gt^ ib^ X 100 193 

is, the length of the plane is to its height, as 193 to 12> 

Therefore, 193 : 12 : : 100 : 6 2 176 the height of the plane, 
or the fine of elevation to radius 100, which anfwers to 
3^ 34 9 the angle' of elevation of the plane* 

PitOBLBM V. 

By a mean of feveral experiments, I have found that a 
(caft iron ball, of 2 inches diameter, impinging perpendi- 
cularly on the face or cad ot a block of elm wood, or in the 
direction of the fibres, with a velocity of 1500 feet per fe- 
«:ond, penetrated 13 inches deep into its fubfhuice. It is 

propofed 
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propofcd then to determine the time of the penetration, and 
the refifting force of the wood as compared to the force 
of gravity, fuppofing that force to be a cooftant quantity* 

Firft, bythcor. 7, * := ii = ^ ^ '3 = part of 

V 1500 X 12 692 

alecond^ the time* 

And, by th.8,/= ^1122! = !f5^ 

= 32284. That isy the relifting force of the wood, is 
to the force of gravity, as 32284 to i. 

But this number will be diflferent, according to the 

diameter of the bail, and its dcnluy or fpecific gravity. 

For, fince y is as — by theor* 4, the denfity and fiase of 

s 

the ball remaining the fame ; if the denfity, or fpecific 
gravity, ti, vary, and all the rcil be conflant, it is evident 

that f will be as n j anJ therefore / as when the fize 

s 

of the ball only is conll^nt. But when only the diameter d 
varies, all the rcil being conftant, the force of the blow 
win vary as or as the magnitude of the ball ; and the 
jnefifting furface, or force of refinance, varies as eP' ; there- 

fore / is as or ^ ^ only when all the reft are con- 
ftant. Confequently '/ is as when they are all va- 
riable. 

And fo — ^ ri — = t%» 

F DNV*i S DNVy 

"where f denotes the Ihciigth or firiiiiieU ui tlic fubilance 
penetrated, and is here fuppofed to be the fame, for all 
balls and velocities, in the fame< fubftance, which it is 
either accurately or nearly fo« See pa. 264 Ucl of my 
Trails, vol. i, 

HQnce^ 
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Hence, taking the numbers in the problem, it is 
dnv"- A X 7,^ X 1500* _ 44 X 1 500* 

/ = — = n 71 = 253^46* 

* TT 39 

the value oi' f for elm wood. Where the Ipecific gra- 
vity of the ball is taken 7|, which is a little than 
that of foiid caft iron, as it ought, on account of the 
air bubble that is caft in all balls. 

i' R O B L K M VI. 

To find how hr a 241b ball of caft iron will penetrate 

into a block of found elm, when fued witii a velocity of 
1600 feet per fecond. 

Here, becaufe the fubftance is the fame as in the laft 

problem, both of the balls and wood, N = 1% and f = y | 

^ - s DV» DV*j 5^55 X 1600* X 
therefore = -3-3, or s = -rT= — 3 

s dv^ dv^ 1 X 1500* 

^ 41^ inches nearly, the penetration required. 

' P R O B L £ M VII. 

r 

It was found by Mr. Robins (vol. i pa. 273) that an 
18 pounder ball,Ared with a velocity of 1200 feet per fecond, 
penetrated 34 inches into found dry oak. It is required 
then to afcertain the comparative ftrength or firmncfs of 
pak and elm. 

The diameter of an 18 lb ball is 5'04 inches = 1>. Then, 
by the numbers given in this problem for oak, and in (vob. 

, , / //'y*s 2 X 1500* X %A. 

V for dm, we have <^ 2= — - = — — - - ' ^ 

F ©V^f 5 04 X 1200* X 13 

100 X 17 1700 ^ , 
p: — = 01—7 nearly. 

5-04 X 16 X 13 1048 * ^ 

From which it would feem that elm refifts more than 

oak, in the ratio of about 7 to 5 ; which is not probable, 
as oak is a much ^Q)er and harder wood* But it is to 

be 
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he ftirpe£bd that Mr. Robins's great penetration was owing 
lo the letting of hb timber in Ibme degree. 

PROBLEM VIII. 

A 24 pounder ball being fired into a bank of firm earthy 
wkh a velocity of 1300 feet per fecond, penetrated 15 feet: 

It is required then to aicertain the comparative refiftances 
of elm and earth* 

Comparing the numbers hejrc with thofe in prob. 5, 
. . f _ dvH _ 2 X 1500* X 15 X 12 _ IS* X 24 

7 ~ DV*i 5*55 X 1300* X 13 " 13* X 0-37 

nearly = 6^ nearly. That is, elm refiils 

vji 3 

lAottt 6^ times more ton earth. 

PROBLEM IX. 

To determine how far a leaden bulled of ^ of an inch 
diameter, will penetrate dry elm; fuppofing it fired mth a 

velocity of 1700 feet per fecond, and that the lead does not 
change its figure by the flroke againft the wood. 

Here d pf ^ W = « ^ 74. Then by the 

numbers and theorem in prob. 5, it is s = ^JJJT = 

^ X iif X 1700* X 13 _ 17^ X 13 _ 63869 _ ^ 

2 X 74. X 1500* aoo X 33 6600 ^ 
inches nearly, the depth of penetration. 

But as Mr. Robins found this penetratioiii by cqieri*. 
ment^ to be only 5 inches ; it follows, either that his timi* 

ber muft have refifted abaut twice as much ; or elk, which 
is very probable, that the defedl in his penetration arofe 
from the change of figure in the leaden ball from the 
blow againft the wood. 

r Ao« 
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PROBLEM 3C. 

A one pound ball, prcje^ed with a velocity of 1500 

feet per fecond, having been found to penetrate 13 inches 
deep into dry elm; It is required to afcertain the time 
of paffing dirough every fingle inch of the 13, and the 
velocity loft at each of them ^ fuppofmg die fefiilance of 
the wood conftant or unifoj^. 

The velocity v being 1500 feet, or 1500 X la ss 90OO 
inches, and velocities and times being as the roots of the 

fpaces> in conftant retarding forces, as well as in accelerating 

2S 



ones, and t being =s — = 



a6 _ 13 _ I 

12 X 1500 9000 ~ 692 

part of a fecond, die whole time of paffing through die 
13 inches $ therefore as 
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^13^ 1/13 — |/i2 :: v: 
veloc. loit Time In the 

ii2-:L2lii. « « 6r4 ^" " ^" * «^ -00006 2d 
- „ = 64-a &c ~ * = -00006 3d 

T-- 71-4 -i^Uid. < = -00007 5th 
✓13 V'fS 

v^-V^y ~- ,6-0 ~ ^7 < = -00007 6th 

a/7 - v/^ ^ ^ g s/l - a/6 ^ ^ .^^^g 

A/13 '^'3 

/fe - _ 

^13 - 1/13 

\/5 - '/4 ^ _ V 5 ~ '^^ , » a '00009 9ih 

^3 - a/^ ^ ,33,.3 /3j-^a/^ ^ = .00013 nth 

- v"' V = „a.3 ^ t = '00017 iith 

v/13 ' a/'3 

.£lz_2^2_v = 4i6 o 7 '^ ■l f = -00040 lyfc 

a/»3 V13 

Sum 1500-0 Sum or '00144 indi 

J _ 
^MH^^M^Mm^HMI ^^^^^^^^^ 

Hence, as the motion loft at the beginning is veiy fmalf; 
and confequently the motion communicated to any body, as 
an inch plank, in paffing through it, is very fmaU alfo j we 
can conceive fuch a plank ihot through, without qverfetting 

its 



^ ~ ' 'L V = 88-8 ^^7 t = -00008 8th 
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it; and may eafily compute the height and breadth of 

iuch a plank as will juil: ftand without being overfet by 
the ball in paifing through it. 



PROBLEM XI. 



To determine the circumilances of fpace, penetration^ 
velocity, and time, arifing from a ball moving with a 
given velocity, and ftriking a moveable block of wood, or 
other fubilance. 





Let ^e ball move in the dire6Hon ab paiHng dirough 

the centre of gravity of the block b, impinging on the 
point c i and when the block has moved through the 
^ce co^ in coniequence of the blow, let the ball have 
penetrated to the depth de. 

Let B = the mafs or matter in the block, 
^ the fame in the ball, 
1 s CD the fpace moved by the block, 
X = DE the penetration of the ball, and theref« 
J -f- x = CE the fpace defcribed by the ball, 
« ss the iirft velocity of the ball, 
tr the velocity of the ball at B, 
u = veloc. of the block at the fame inihin, 
/ = the time of penetration, or of the motion, 
r ss the refifting force of the wood. 

Thenifaall be the accelerating force of the block, 

B 

and — the retarding force of the ball. 



N i 



Nov 



Digrtized by Google 



aSo ruACTicAL exercises 

* • 

Now becaufe the momentum b^, communicated to the 

block in the time f, is that which is loft by the ball, 

• • • 

namely ^ hv^ therefore bu s= — hv^ and bk = — ^v* 

But when v s: u ai therefore, by corre£ling» 

= b{a v) I or the momentum of the block is 
every where equal to the momentum loft by the ball. 
And when the ball has penettated to the utmoft depth, or 
when u =. v, this becomes Bu =s h(a ^ tr), or ah s 
(b -f- b)u', that is, the momentum before the ftroke, is 
equal to the momentum after it. And the velocity com- 
municated will be the fame, whatever be die reiifting force 
of the block, the weight being the fame. 

Again, by theor. 6, it is u* = and - = X 

i$ ■+- at), or rather, by correction, a* — v* — (i -f- jtJ, 

Hence the penetration or * =r — v ) — 4f 

when V = «, by fubftituting u for Vy and b«* for ^grs^ 

A - — (b -I- b)u* , 

the greateft penetration becomes ; and 

this again, by writing ab for its value (b -H ^) gives 

the gicateit penetration x = ■ . ■ " - , ■ = — X 

4^r(B-^^) 4^r 

^ I -« J, Which is barely equal to when the 

block is fixed, or infinitely great i and is always very 

nearly equal to the (ame when b is very great in 

refpecl of b. Hence 

^ 4. j^' — ^* ^ _ B*-!- 2B^ ^ fl-^ 

* Agr l^ir (B-H^)» . 4^r 

And therefore b -h ^ : b 2^ : : jr : ^ a-, 

or B -H ^ : b : X ', 

and f =s = rr^. 

fl-»-^ 4^r(B-4-^j 

Ex. 
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Ex* When the ball is iron, and weighs i pound, ft 
penetrates elm about 13 inches when it moves with a 
velocity of 1 500 feet per fecond, in which cafe, 

nearly. 

When £ = soolb, and ^ 1= li then u = ■■ , = 
= 3 feet nearly per fecond, the velocity of the 

block. 

Alfo s = = 2 — =- ^ — 

4^r 4 X i6Vt X 321184 461^ 

part of a foot» or ^ ^f an Inch^ which is the ipace moved 

by the block when the ball has completed its pene« 

tiatioa. 

And ^ =s = ^ ■ ■ ' = i.' - part of ^ feconcL 
u 461^ X 3 69a r ^ 

2 26 

or / =5 ^ **" ^ = 4^^^ _ 6 H- 13 231 _ I* 

V 1500 b.231.1^00 692 

part of a fecond, the time of penetration* 

For the circumftances relating to the motion of a block, 
hung by, and vibrating on, an axis, when ilruck by a 
ball, fee my Trads, pa* X16, &c, 



The force of attraction, above th&earth, being inverfely 
as the fquare of the diftance from the centre ; it Is propoled 

to determine the time, velocity, and other circurnilances, 
attending a heavy body falling from any given height^ 
the defcent at the earth's furface being 16^7 feet^ or 193 
inches, in die lirft fecond of time. 

N 3 Put 



Digitized by Google 




l8a P&ACTXCAX. BXERCI8&8 

Put 

r =s cs the radius of die earth, 

:= CA the dift. fallen from, 

;r = CP any variable diflance, 
V =: the vdocity at p, 
t s time of falling there, and 
g =i i6xT^ half the vcloc. or force at A, 
^ ss the force at the point p* 

Then we have the three following equations 

O or jr^ 

X* : - i H '* f ^ the force at~p, or the velocity 

AT 

per iecond that would be generated by the force there, 
tv = ^ and 

The fluents of the lafl: equation give = ■ ^ * 

But when a- — 6, the velocity v = o ; therefore, bycor- 
redion, V* = .3* — ^ ±^ = 4^r* X i orti =: 



\/^^— X - ^ ^ 3 a general expr^flion for the velocity 
at any point P. 



When 4P = r, this gives v = s/mt X for 

r 

the greatefl velocity, or the velocity when the body flriJces 
the earth. 

When a is very great in refpecSl of r, the lail velocity 

becomes (i — — ) X s/Hpgr very nearly, or nearly \/^gr 

la 

only, which is accurately the greateft velocity by falling 
from an infinite height. And this, when r =: 3965 milef, 
18 6*9506 miles per iecond. Alfo the velocity acquired in 
falling from the diflance of the fun, or 12000 diame- 
ters of the earth, is 6*9505 miles |)er fecond. And the 
velocity acquired in ^ling from the diftauce of the moon, 
or 30 diameters, is 6*8924 miles per fecond. 

Again, 
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Again, to find the time, fmce iv = — d&erefore 
as — /^^ , T^^ ^ diccorred fluent^ 



of which gives * = X {f/a>c ^ arc to di- 

amcter and vers, a - ;f) } or the time pf feUing to any 

point p = — t/— X (AB bp). And when x^r^ 

g 

this becomes ^ = — y^- X — ^ ^<>^ 
time of falling to the furface at s } which is evidently in- 
finite when a or AC is infinite, although the velocity is 
then only the iinitc quantity v^4^r. r 

When Ae height above the earth's furface is given = g \ 
becaufe r is then nearly = i*, ^nd ad nearly s= ds, the 

time i fiar the diftance g wiU be nearly y/-^ X aos 
= */— X \/4£r = l", as it ought to be. 

If a body at the diftance of the moon at A fall to the 
earth's furface at s. Then r = 3965 miles, a - 6or, 
and t = 416806'' = 4da. i9h. 46' 46 , th^ time of falling 
from the moon to the earth. 

, When the attrading body is confidered as a point c ^ 

the whole time of defcending to c will be 
I jj 7854^ .a 
rr^i/- X ABDC == 



N4 
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PROBLEM XIII, 

The force of attra^on below the earth's furface being 

directly as the diftance from the center ; it is propofed to 
determine the circumftances of velocity^ timei and fpace 
fallen by a heavy body from the furface, through a per- 
foration made ftraight to the centre of the earth 5 abftraft* 
ing from the efie(^ of the earth's rotation, and fuppofing it 
to be a homogeneous (phere of 3965 miles radius. 

Put r S5 AC the radius of the earth, 
=s CP the diftance fallen, 

V = the velocity at p, 

f =s ti e time there, 

g s= half the force at a, 

y* = the force at p. 
Then ca : cp :: :/i and the three 
equations arc r/= 2gXy and vv s — /;r, and 

Hence / = ^ , and vv = — =— j the correftflucntoi 




^* — ** 2 e Ai 

which gives v = \/2^ X = PDy/— = ^^V^JJ 

the velocity at the point P ; .where po and cb are per* 
pcndicular to CA. So that the velocity at any points, is 
as the perpendicular pn at that point. 

When the body arrives at c, then v = ^%gr = 

\/ 2g'AC = 25950 feet or 4*9148 miles per fecond, which 
is the greateft velocity, or that at the centre c. 




Again, for ^e time, t := 

and the fluents give t = v^— X arc to coline — = 

4/ ' X arc AD. So that the time of defcent to any 

point F, is as th:; correfponding arc ad. 

When 
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When p arrives at c* the above becomes t = ^y-?— 

AE f* f 

X quadrant ae = — s/ — = i»57o8\/ — =: 1267^ 

^ AC 2g ^' 

feconds =: 21' 7"^ for the time of falling to the cea« 
tre c. 

The time of falling to the centre is the iame quantity 

i*57o8y^-^, from whatever point in the radius ac the 

body begins to move. For let n be any given diftance 
from c at which the modon commences : then, by corre6Uon, 



V = v^— {»* — i and hence / =; a/— x 

the fluents of which give / = \/ — X arc to cofine 
— i which, when = gives / = y/— x quadrant r= 
I -5708 — the time of defcent to the centre c. 

As an equal force, a£ling in contrary directions, gene* 
rates or deilroys an equal quantity of motion, in die 
&me time ; it follows that, after paffing the centre, die body 
will juft afcend to the oppoiite furfecc at b, in the fame 
time in which it fell to the centre from a; then from b 
it will return again in the iame manner, through c to a$ 
and fo vibrate continually between a and b, die velocity 
being always equal at equal diftances from c on both 
fides i and the whole time of a double ofcillation, or of 
paffing from A and arriving at A again,, will be quadruple 
die time of pafling over the radius ac, or = 



% X 3*i4i6i/ — = I** 24*29''. 
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PRACTICAL EXERCISER 

PROBLEM XIV. 



X o iiiid the Time of a Pendulum vibrating in the Arc 

of a Cycloid. 




Let s be the point of fufftenlion, 

SA = the arc sb or sc the length of the pendulum, . 
CA s= AB = SB or sc the femi-cycloid, 
AD = D8 the diameter of its generating circle> ta, 
which FKS} HiG are perpendiculars. 

To any point G draw the tangenf gp, alfo draw GQj)arallel 
and FQ^ perpendicular to ad« Then pg is parallel to the 
chord Ai by the nature of the curve « And> by the nature 
of forces, the force of gravity : force in diredl. gp : : gp : 
GQ^:: AI : AH :: AD : Ai$ in like manner, the force of 
grav. : force in curve at £ :: ad : ak ; that is, the acce- 
lerativc force in the curve, is as the correfponding chord 
AI or AK of the circle, or aS the arc ag or ae of the 
cycloid, fince AG is always s= %au So that the pro- 
cefs and conclufions for the velocity and time of defctibin^ 
any arc in this cafe, will be the fame as in the laft 
problem* 

From whence it follows that the time of a femi- vibra- 
tion, in all arcs, ag, a£, &c, is the lame conftant quan-* 

tiqr 
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r A / 

tity 1-5708-/— = i-SyoSv'— = 1-570^^— y and the 

time of a whole vibration from* B to C) or from c to b, 

is 3*1416^^ — , where / = as = ab is the length of 

the penduluai, g = 16^^ feet or 193 inches, and 3*1416 
the circumference of a circle whofe diameter is i. 



Since the time of a body's falling by gravity through 
ily or half the length of the pendulum, is jJ which 

I 

being in proportion to ^1^16*/ — ,as i to 3-1416 ; there- 

fore the diameter of a circle is to its circuipference> as 
the time of faUing through half the length bf a pendu* 
lum, tu the time of unc vibration. 

If the time of the whole vibration be i fecond, this 

equltion arifcs, = vi^ibJ — ^ and hence /= " - ^ 

= — ^> and g = 3'X4i6* X i/=: 4*9348 /• So that 

if one of thefe, g or /, be given by experiment, thefe 
equations wiii give the other. When ^, forinftance, is 
fuppofed to be i6tV ^e^ or '93 inches, Aen is / = 

^.^^^g = 39*^1 length of a pendulum to vibrate 
feconds. Or if / = 39^, the length of the feconds pen- 
dulum for the latitude of London, then is ^ = 4*9348 / 
= 193-07 inches = 16^!^ feet, or nearly i6Vt feet* fof 
the fpace defcended by gravity , in die firft fecond of 
time in the latitude of London. 



Hence the times of vibration of pendulums, are as the 
fquare roots of their lengths ; and die number of vibra- 
^ tions made in a given time, reciprocally as the fquare roots 
of ti^e lengths. And hence the length of a pendulum 
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vibrating n times in a minute, or 60", is / = 39^ x 
60* 140850 
m* nn 

When a pendulum vibrates in ai circular arc, as the 

length of the firing is conftandy the fame, the time of 
vibration wili be longer than in a cycloid j but the two 
times \idll approach nearer together as the circular arc is 
iinaller ; lb that when it is very fmall, the times of vi- 

bration wi!) be nearly equal. AnJ hence 39-5- inches is the 

length of a pendulum vibrating feQonds iA the very fmaU 
arc of a circle* 

PROBLEM XV. 

To find the Velocity and Time of a Heavy Body de- 
icending down the Arc of a Circle, or vibrating in the 
Arc by a Line fixed in the Centre. 

Let D be the beginning of the de- 
fcent, c the centre, and a theloweft 
point of the circle; draw os and p<^ 

perpendicular to ac. Then the ve- 
locity in p being the iame as in q^by 
falling through eq^ it will be v = 

^s/g X E(^=^ 2.^g (a — at), waca = ae, ;r = a(^, 
and ^ = x6^. 

Ptttthe fluxion of the time ^ is =s and ap = 




rx 



V where r = the radius ac. Therefore 



— 4f 

fi where a = 2r the diameter. 
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Or* = 44/— X — , (l -r H ^ 

>♦ 

But the fluent of — === is — X arc to rad. ia 

and vers, x, or it is the arc whofe rad. is i and vers. 

— : virhich call a. And let the fluents of the fucceeding 
a 

termS) widiout the coefficients, be b, c, d, &c. Then 

will the fluxion of any one, as at « diftance from 
A, be <^= *«A = ;f p, which fuppofe alfo = the fluxion 
of — dx'^ WaX'^x^ = ^P rf.jf — i^xx^'^Vax — at* 

iax-^x* . . « - -'ax^'-' 
— X , ^ hp ^ dx X ji. 



s= ^p — d»n — t«tfp -H ^/zA-p, 

Hence, by equating the coefficients of the like-terms, 

# s ~ $ * =: ■ « i and o = ■ • 

Which being fubftituted, the fluential terms become 

g ^ 2 «*4«* 

4 2«4*6^ 6 

- &c). 

But when * = thofe terms become barely 

3.1416^^ . !li3lf! _ llililfl 

~4"^T ^ ^ ' iV" a*. 4»^ a*- 4**6*rf' 

&c) ; which being fubtraaed, and x taken = o, there 
arifes for the whole time of defcending down da, or the 

3*1416 fd . 
corretSied value of f = 4 "'^ J X (1 -I- --j^ — ^ 

When 
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When the arc is fmall, as in the vibration of the pen- 
dulum of a clocks all the terms of the feries may be 
omitted after tihe iecond, and the time of a vibration 

I is nearly = i'57o8i/— X (in- And therefore 

the times of vibration of a pendulum, in different arcs^ 
are as 8r H- tf, or 8 times the radius added to the vehed 
fine of the arc. 



If D be the degrees of the pendulum's vibration^ on 
each fide of the loweft point of the iinall arc, the radius 

being r, the diameter dy and 31416 = pi then is the 

length of that arc A = * ^ verfed fine in 



A* A* A* 

terms of the arc is =s — — — r- -f- &c — — 

ar 24r» d 

~ &c. Therefore -7 = -;; — ~ii -+-i5fc:= -^^^ 
3rf* ^ ^* 3# 360* 

jewing all the reft of tlie teinis on account of their 

a a D* 

finallnefSy or — = — nearly = ^. This value 

* d 2r ' 12787 

then being fubftituted for — r or in the laft near value 

r D* 
of the time, it becomes / = 1-5708*/— X (i h ) 

nearly. And therefore the times of vibration in dif- 
ferent fmall arcs, are as 51150 d*, or as 51 150 added 
to the fquare of the number of degrees in the arc. 



Hence it follows that the time loft in each fecond, 

by vibrating in a cirde, inftead of the cycloid, is ^yy^* 

and confequendy the time loft in a whole day of 24 
hours, or 24 X 60 X 60 leconds, isfD* nearly. In 

like manner, the leconds loft per day by vibrating in the arc 
of A degrees, is A% Therefore^ if the pendulum keep 
4 true 
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true time in one of thefe arcs, the feconds loft or gained 
per day, by vibrating in the other, will be |> (d* — ^*). 

So, for example, if a pendulum meafure true time in an 
arc of 3 degrees, it will loie iiy feconds a day by vi- 
brating 4 degrees ; and 26f feconds a day by vibrating 
5 degrees ; and Co on. 

And in liJce manner, we might proceed for any Other 
curve, as the ellipfe^ hyperbola, parabok, 5cc. 

♦ 

F&OBL£M XVI. 

To determine the Time. of a Body defcending down the 

Chord of a Circle* 

Let c be the centre, ab the vertical 
diameter, ap any chord down which a 
body is to defcend from p to a, and P(^ 
perpendicular to ab. Now as the na- 
tural force of gravity in the vertical di- 
rection BA^ is to the force urging the 
body down the plane pa, as the lengdi 
of the plane ap, is to its height aqj therefore the ve- 
locity in PA and qa, will be equal at all equal perpendi- 
cular diftances below Fqj and confequently the 
time in pa : time in :: pa : qa :: ba : pa ; but 
time in ba : time in ^a : : >/ba : a/qa :: ba : pa ; 
hence^ as three of the terms in each proportion are the 
(ame, the fourth terms muft be equal, namely the time 
in BA = the time pa. 

And in like manner the time in bp = the time in ba. 
So that, in general, die times of defcending down all the 
chords BA, BP, BR, Bs, &c, or pa, ra, sa, &C5 are all 
equal, and each equal to the time of filing freely through 

the 
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diameter* Which time is^/— , whefe # = tS^ket^ 

i 

2r 

udr s the radius AC ; for i/g : ^%r\i i" i v'— . 

i 

ScHOLitJM. By comparing this wiih the refults of the 
two preceding prohlems, it will appear that the times in 
the cycloidy and in the arc of a circle, and iii any chord of 

the circle, are re(pe<S^ively as the three quantities 

T> 1 ^ &C) and ' 



»r ' 7854 
or nearly as the three quantities i, t -h — , 1*27324; 

the iirft and laft being conftant^ but the middle 
onei or die time in the circle, varying with the extent 

of the arc of vibration. Alfo the time in the cycloid 
is the leafty but in the chord the greateilj for the 
greateft value of the feries, in prob. X5> when 0 = r, or 
the arc AD is a quadrant, is 1*18014 ; and in that cafe the 
proportion of the three times is as the numbers i "18014, 
1 '27324. Moreover the time in the circle approaches to 
that in the cycloid, as the arc decreafes, and they are veiy 
nearly equal when that arc is very fmalL 



pao« 
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PROBLEM XVII. 



To find the Time and Velocity of a Chain, confining' 

of very fmall Links, defcending from a fmooth hori- 
zontal Plane ; the Chain being lOO Inches long, and 
I Inch of it hanging off the Plane at the Commence- 
ment of Motion, 

Put a i= I inch, the length at the beginning ; 

/ = 100 the whole length of the chain i 
X — any variable length off the plane* 

Then x is the motive force to move tlie body, 
and ^ .'=/thf accelerative force. 

Hence vv = zgfs = 2^ X -j X i = Mil. 
The fluents give = But v ^ 0 when 

X ay therefore, by coircaion, := 2g X 



X* - a* 



/ 



and V = 1/2^ X ■■- ^ ■ ■ the velocity for any length 

x» And when the chain juft quits the pL>in, y = : /, 
and then the greateflr velocity is X — ^— = 

./iTZ ^ 100* — I* 386 X QQ09 , 

V2 X 193 X = ^^ = 196-45902 

100 ^ 100 ^ 

inches, or 16*371585 feet, per fecond. 

/ / 

Again / or — = a/ — X - -■ ■ ; the correal fluent 

of which is ^ = ^-^ Xlogt ^ the time 

for any Je;igth And when r = / = lOo, ic is / = 

O 
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TOO 



^ .pg- X log. ^ = 2 69676 leconds, 

the tiine when the laft of the diain juft quits tfat 



PROBLEM XVni* 



To find the Time and Velocity of a Chain, of very fmall 
Links, quitting a Pulley, by paifing freely over it : the 
whole Length being 200 Inches, and the one End 

hanging 2 Inches below the other at the Beginning, 



' Put a = 2, / = 200, and ;ir = bd any vari- 
able difference of Uie two parts ab, ac. Then 

gxx 



A 



— =y;andvvor 2^r=2^-^*T*'=^ 



Hence the corre<Sl iluent is = ^ X — ^ — > 

, the general exprcffion of the 



and V =; X 



jf* - fl* 



velocity. And when * = ly or c arrives at A, it is 

= X — jj— = -^193 X — — — = ^386 



200 



100* — 1* ^386 X qogo , . . 

X = J- = 106*45002 inches, or 

200 ^100 ^ ^ 

i6'37i585 feet, for the grcatdfc velocity when the chain 
juft quits the pulley, 

. Again, ^ or ~ = = x -j==.. Anj 



the correct fluent is / = */— - X lo;r. ^ ^ 

the general expreffion for thd time. And when ^ = 4 

. , ^ , / , / jF"^^ >200 
It becomes t = s,f — X log, ^ = v — 

X log. 
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Xlog. ^ = V^— X 1. ^ 



% ^ 386 I 

= 1*69676 feconds, the whole time when the chain juft 

quits the pulley. 

So that the velocitjr and time at quitting the pulley ih 
this prob. and the plane in the laft prob. are the fame ; 

the di {lance defcended 99 being the fame in both. For, 
although the weight / moved in this latter caie^ be double 
of what it was in the former, the moving force jt is alio 

double, becaul'tj here the one end uf the chain fhortens as 
much as the other end lengthens^ fo that the fpace de- ' 
icended \x is doubled, and becomes x ; and hence the ac- 

celerative force -j' ^^f ^ * courfc 

the velocity and time the (ame for the fame diibmce de» 
fcended. 

PROBLEM XIX. 

To find the Number of Vibrations maJc by two Weights, 
conne<^ed by a very fine Thread, pafling freely over a 
Tack or a Pulley, while the lefs Weight is drawn up 
to it by the Defcent of die heavier Weight at the other 
End. 

Suppofe the motion to commence at equal a 
diftances below the pulley at b ; and that the 
weights are i and 2 pounds* 

Put a = AB, half the length of the thread; 

h = 39f inc. or 3*4 feet, the fecond's pend. "» 
jr = Btv = BW, any fpace pafled overi ^ 
z = the number of vibrations: 

^ff = / = t is the accelerating force* And 

O a hensc 
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hence v or V^gf* * V4^*> and / or — 
But^ by the nature of pendulums, y'tf =fc * ; -/^ ; ; i vibr, : 

*/ the vibrations per fecond made by either weight| 

namely, the longer or ihorter, according as the upper or 

under fign is uled, if the threads were to Qontiniie of that 
length for i fecond. Hence> theni as 

^ a dt X ^ adt X 4g/ v^xaz jr 

the fluxion oi the number of vibrations. 

Now when the upper fign -h takes i^ce, the fluent is 

. - X = 

'-*■*"•*■ 'V"** '* And when X = ^.the fame 

h 3^ 
then becomes % — X log. x H- ^ 

if 

log. I -f- /2 = X log. 1^/2= -688511, 

the whole number of vibrations made by the defcending 
weight. 

Bat when the lower fign, or — , takes place, the fluent 

h 2x 

is a/ — jr X arc to lad. I and vers. — . Which, when 
* = gives i?/^ = 3-1416 X V^-^^ = 
iliiil X a/-^-^^ = i-227Qai, the T«*ole number of 
vibrations made by the lefler or afcending weight; 

* 

SCHOL. It is evident that the whole number of vi- 
trations, in each cafe, is the fame, whatever the length 
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of the thread is. And that the greater number is to the 
kfsy as 1*5708 to hyp. log* i 

Fardwr, the number of vibnaions performed iii the lame 
time /, by an invariable pendulum, conftandy of the lame 

length is ^/-^ m 781 190. For the time of de>* 

if • 

pending the {pace a, or the fluent of ^ = — — . when 
X =s Oj 'k = ^TT* ^7 ^ nttoie of pendu^ 

lumS) ija\ i/h i\ x vibr. : die number of vibra- 
tions performed in i fecond ; hence x'' : / : : i/£ ; tJ^ 

a ^ a 

^ die conftant number of vibrations. 



So that the three numbers of vibrations, namely, of the 
afcending, conftant^ and defcending pendulums, are pro* 
portional to the numbers i '57o8j i, and hyp. log. i ^2, 
or as 1*5708, I, and *88x37 i whatever be the length 
of the thread* 



O 3 . r&o* 
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PKOBLBM XX. 

To determine the Circumftances of the Afcent and 
Defcent of two unequal Weights, lufpended at the two 
Ends of a Thread paffing over a Pulley : the Weight of. 
the Thread and of the Pulley being codideied In die 

Soluuoii. Let 



/ = the whole length of the thread 
« = the weight the fame ; 
^ = AW the dif. of lengths at firft ; 
d = w — If the dif. of the two weights ; ^ 
r = a wt. applied to the circumference, ' 

iitch as to be equal to its whole wt. li* 

and fn£lion reduced to the circum- 
* feience j 

J =s w -f-'w H- c the fum of the 

weights moved* 

Then the weight of h is y , and 1/ is the mov- 
ing force at firft. But if x denote any variable fpacede- 
fcended by w, or afcended by w, the difference of the 
lengths of the thread will be altered 2 * } fo that die dif- 
. fcrencc will then be b — a*, and its weight ^ "^^^g; 

confequently the motive force there will be ^ — ^ a 

dl ah %ax dl ^ ab'k- zax 
— — — J » andtheref. jj — — = ythc 

accelerating force there. Hence then vv = 2ifx — 

• dl ^ ab 2ax 

%gx X Yi 5 fluents of which give 

the 
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the general cxprcflion for the velocity, putting e = 

^iLuft, And when = or w becomes as far be- 
a 

low as it was above it at the beginning, it is barely 

V = for the velocity at that time. Alfo, vj^hen 

^ s 

ay ^e weight of the thread, is nothings the velocity is 
only 2i/-=— ^ as it ought. 



Again, for the time, t or — ss-Jv' — X — .-, . .= : 

the fluents of which give / = J — X log. — 

the general expreffion for the time of defcending any 

ipace X* 

And if the radicals be expanded in a feries, and the 
log. of it be taken, the fame time will become 

t = J— X J-Ti 1 X (I — —-H-^&c). Which, 

therefore, becomes barely when the weight of the 
thread, is nothing i as it ouglu. 



O 4 p R o- 
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PROBLEM XXIt 



To find the Velocity and Time of Vibration of a fmall 

Weight, fixed to the middle ol n T.inc, or fine Thread 
void of Gravity, and ftrc:ched by a given TeiUion > 
the Extent of the Vibration being very (oBall. 




Let / = AC half the length of the thread ; 
^ = CO the extent of the vibration j 

= C£ any variable diftance from c ; 
w =s wt« of the final! body fixed to the middle ; 
w =: a wt. which| hung at each end of the thread, 
will be eqaal to the conftant tenlion at each 
end, a£ling in the direction of the thread. 



Now, by the n:uure of forces, AE : ce :: w the force 
in direction £A ; the force in dircflion ec. Or, becaufe 
AC is nearly = ae, the vibration being very fmall, 

taking ac inftead of ae, it is ac : ce ; : w : -^the force 

in EC arifing from the teniion in ea. Which will be 

alfo the fame for that in eb. Therefore the fum is 

-y- the whole motive force in EC arifmg from the 

tenhonb on both fides, Confequcntly = f the ac- 

celerative force there. Hence the equation of the fluxions 

is 



Dig'itjzed by 



CONCERNING FOHCES| 5CC, 2Q| 

IS vv or zgfs = — -j^ i and the fluents =5 

— — . But when x = a. this 1$ — — , and 

(hould be = o ; therefore the correct fluents are = 

a* a*" X* 

4j?w X — ' , and v j^g^N X j the 

velocity of the little body w at any point e. And when 

= O, it is V = 2ai/^^ for the greateft velocity at 

the point c* 

Now if we fuppofe w = i grain, w 51b troy, or 
218800 grains, and 2/ =r ab = 3 fcetj the velocity c 

, 8 X i6tV X28800 . ^ 

becoous V Sa that 

If a = inc. the greateft vcloc, is 9 ^ ft. per fee. 
if tf = I inc. the greateft veloc* is qiUft. per fee. 
if =: 6 inc. the greateft veloc. is 555 /oft. per fee. 

To find the titne/« it is } or =1.*/ — X 

%u I 

Hence the correct fluent is/ = I4/ X arc to cofine 

— and radius i, the time in de» And when at = o» the 

tt// 

whole tkne in DC, or of half a vibration, is 7854 — ; 

and cdnfequently the time of a whole vibration through 
X^iis i*57o8/— • 

Ufing the foregoing numbers, namdy w = w s 
28800, and 2 / = 3 feet i this expreffion for the time U 

7-^= 2S^i^ the number of vibrations per fecond. 

31416 ''^^97 r 
But if «; = 2, there would be 250 vibrations per fecond ; 
and if w ss 100, there would be 35^|- vibrations per fe- 
cond* 

PRO- 
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PROBLEM rXTI* 

To determine the fame as in the iaft Problem, when the 
Diftance cd bears Ibme fenfible Proportion to the 
Length A B ; the Teniion of the Thread however being 
ftiiiiuppofed a Conftant Qjiantity. 




Ufing here the fame notation as in the laft problem, and 

taking the true vanabie length a£ for AC, it is ae or 

2WX 2\yx 

=z the whole motive force 



' EB : CE : : 2 w ; 



AE 



from the two equal texiiions w in ae and eb i and there- 

s= / is the accelerative force at £« 



fore — X 

Therefore the fluxional equation is vv or 2gfs := 
X ; and the fluents «* = ^ x 



w 



w 



— 8 wjp 
— y^i* x\ But when x = thefe are o = — - X 



^ V//* -^a*; therefore the corred fluents mx^^ 
X ( v^FhT? - -f- *») = X (AD - ae). And 



hence v = ^—-2- x (ad — ae) the general expref<* 
fion for the velocity at £. And w hen e n.rrlves at c, i t 
gives the greater velocity there = y ^ x (ad — ac). 

Which, 
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■VVhich, when w = 28S00, tt; = i, 2 / = 3 fee^ and 

CD=: 6 inches or t a foot,i8 28800 X 16^^ X - ^^^ ^ 

= 5481 feet per fecond. Which came put 555,^ in 
the laft problem, by ufing always AC for ae in the 
value of f» But when the extent of die vibrations is very 
fmall, as ^ of an inch, as it commonly is, this greateft 
velocity here will be ^"8 X 28800 X i6tV X ,^4^ = 
9t nearly, which in die laft problem was 9^. 

* 

To find the time, it is i or = V;r^ X 



-7-— making r ad = v^A -1- a\^To iind 
the fluent the eafier, multiptythe numerator and denomi- 

nator both by V^c -h /F*-»- x\ fo fliail i = y/ ^ x 

8 . 

= X v'r -H 4^/* -H Expand now the quan- 



tity -4- ^^l"- -4- m a leries, and put ^ = ^ -h ^ 
lhall f =5 v^g^ — ~ X ( I H -H 

.128^^/* * ^ 2048^*/^ *'^^o 

Now the fluent of the firft term , is s= the 

arc to fine and radius i, which arc call a i and Jet 

p, Q^be the fluents of any other two fucceifive terms, with- 
out the coefficients, the diftance of <^ from the firft term 
A being m then it is evident that <i^= ;r*p =: **«a, 
and p = * * A. Aflume therefore <^ = _ ex*"'^ 
V«* - dienis Q^or ^p - 2« - i>cx^"'^x 
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• • • 



V^tf» - -4- ' bv - 

' -4 ■ = — (2«— 

(2» — i) ^Jr*F /^P = — (2« — l)#tf»P 

2if^JK^P« Then, comparing the coeiEcieats of the like 
terms, we find i a 2tn^ and k (an -<» i] ^0^} Irom 

which are obtaiiied £ .= and h = ■ Con* 

2n 20 



fequentl7<^= ~- ^ the gene- 

ral equation between any two fuccdSve terms, and by 

means of which the feries may be continued as fkr as W9 
l^eafe. And bence^ neglecting the coeficknts, putting 

A = the firft term, namely the arc whof^ iine is — , and « 

a 

3y c, D, &c, the following terms, the feries is as follows, 



a^A — js/xa* — x'^ 3^7*B — x^^a^ — x^ 



2 



^ &c. Now when = o, this tenes 

o 

= o s and when ;r = tf, the feries becomes ip 

— -H-^^ 1 r— ^c, where ^ = 3*1416, or the fc- 

2 4 6 t ^ -w » 

* 2*4 2*4.6 ' 
So that, by taking in the coefficients, ^e general time 

W (c -4- I) 

of paffing over any diibnce ]>£ will be 4/ — X 

«^ ' ^ bw^ 
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And hence, taking at = o, and doubling, the time of 
ft whole vibration, or double the time of paiEng over CD 

will be equal to •^^ ✓^ x (i h- ^fl* — 

2£Hh^/ 1*3 ^ 4</^ -H 2dl -t'l^ ^ 1*3*5 ^« ^ 

— ^-rn; — • ^ ^ o g*&c>) Which, 

20^^d''P 2.4.6.8 ' ' 

when a ss Of or c = If becomes only ipj^'—y thefiune 

as in the lail: probleoij a» it ought. 

Taking }iere the £ime numbers as in the iaft problemi 
yiz. / = =4, was 2,w = aSSoo^ z =5 16-,!^ ; 

ton \ p ' = •0040514, and the feries is 

t *oo6762 — •000175 •0Q0003 &c = i»oo659o 5 

dierefore '0040514 X 1*006590 = '0040965 s£ ^ 

^45t 

is the time of one whole vibration, and coniequendy 
2451- vibrations are performed in a iecond : which were 
250 in the laft problem. 



PRO- 
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PROBLEM XXIII. 

It is propofed to cietennine the Velocity, and the Time 
of Vibration, of a Fluid in the Arms of a Canal or 
bent Tube. 

Let the tube abcdcf have its two [ ] 

^ I I 111 

branches ac, ge vertical, and ihc 
lower part cde in any pofition what- * 
ever, the whole being of a uniform 
diameter or width throughout. Let ^^vT^lS^ 

water, or quickfilver, or any other 
fluid, be poured in, till it iland in 
equilibrio, at any horiz^mtal line bf. Then let one 

furtacc be prefTed or pufhed down by fliaking, Irum b to 
c, and the other will afcend through the equal fpace fg ; 
after which let them be permitted freely to itturn. The 

fiirfaccs will t^'^en continually vibrate in -.411^1 times be- 
twee . AC and eg. 1 he velocity and times of which of- 
cillations are therefore required. 

When the furfaccs are any where out of a horizontal 
line, as at p and the parts of the fluid in qi>r, on each 
iide, below qr, will balance each other i and the weight 
of the part in PR, which is equal to 2 pf, gives motion 
to the whole So that the weight of the part 2PF is the 
jnotivc force by which the whole fluid is urged, and there - 

Wt of 2PF 

foic — — is the accelerative force. Which 

whole wt. 

weights bcijig proportional to tlieir lengths, if / be the 
length of the whole fluid, or axis of the tube filled, and 

s = FG or BC i tlica is ~ the accelerative force. Put- 

ting therefore ;r = gp any variable diftance^ v the 

velocity, 
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Telocity, and t the time ; then tf =z a ^ and 
^ =s /the accclerative forces hence yv 01 xgfs 

AM * ' AZ 

= — - (tf 4f — ;r jr) } the fluents of which give v* = ^* 

{%ax — *^),and v — X j— IS flie general 

expreifion for the velocity at any term. And when * = 

it becomes v = %a^^'jiox \h(^gxt^x,Qii^^Q\oQiiy ^ti^^dim 

Again, for the time, wc have / or = ^ — x 

* / 

, *, the fluents of which give / = ^ / ^ 

arc to verfed fine and r^ius the general expref- 

fion for the time. And when x ^ it becomes t = ip 

f 

X y' — for the time of moving from G to f, ^ being 

= 3*14.16 i and confequently ip^ — the time of a whole 

vibnitioa from G to E, or from c to A. And which 
therefore is the fame, whatever ab is, the whole length / 
remaining the fame. 

And the time of vibration is alfo equal to the time of 

the vibration of a pendulum whofe length is 4/, or huif 
the length of the axis of the fluid. So that if the length 
/ be. 78^ inches, it will ofcillate in i fecond* 

- ScHOL. This reciprocation of (he water in the canal, 

is nearly fimilar to the motion of the waves of tlv: ica. 
. Fur the time of vibration is the fame, however fhort the 
branches are^ provided the whole length be the fame. So 
that when the height is imall, in proportion to the length 
I Of 
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of the canal, the motion is flmilar to that of a warc^ 
from the top to the bottom or hollow^ and from the bottom 
to die top of the next wave ; being equal to two vibra- 
tions of the canal ; the whole length of a wave, from top 
to top, being double the length of the canal. Hence the 
wave will move forward by # fpace nearly equal to its 
breadth, in the time of two vibrations of a pendulum whofe 
lengtli is (4/) half the length oi tiie canal, or one luunh 
of the breadth of a wave, or in the time of one vibration 
cf a pendulum whofe lengdi is the whole breadth of the 
wav e, fmce the times of vibration arc as the fquare roots 
of their lengths. Confequently, waves whofe breadth is 
equal to 39^ inches, or 37-^- feet, will move over ij^feet in 
a fecond, or 195^ feet in a minute, or nearly 2 miles and 
a quarter in an hour. And the velocity of greater or lefs 
waves will be increafed or diminiihed in the fubduplicate 
lado of dieir breadths* 



F & O B L £ M XXIV. 

To determine the Time of filling the Ditches of aJ^^Vorlc 
with Water at the Top^ by a Sluice of 2 Feet fquare ; 
the Head of Water above the Sluice being 10 Feet^ and 
the Dimenfions of the Ditch being 20 Feet wide at 
Bottom, 22 at Top^ 9 deep, and looo Feet long* 

'I hc capacity of die ditch is 189000 cubic feet. 

But : v^io :i 2g I 2yiog the velocity of the wa- 
ter tlirough the fluice, the area of which is 4 fquare 
feet I therefore B^iog is the quantity per fecond run* 
ning through it; and confequently S^iog : 189000 :: 

i" : ==: 1863" or 31' 3" nearly is the time of fiUing 
tlic ditch. 



PRO- 
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PROBLEM XXV« 

To determine the Time of emptying a Vcflel of Water 
by a Sluice in the Bottom 0^ it, or in the Side near 
the Bottom, the ilcight of the Aperture being very 
fmali in refpeiSI: of the Altitude of the Fluid. 

Put a = the area of the aperture or flutce ; 
7.g = 32 ft- feet, the iorce of irravityj 
d — the whole depth of water ; 
;ir = the variable alt, of the furface above the aperture; 
A =: the area of the furface of the water. 

Then t/g : t/x :: 2^ : i„/gx the velocity v^rith which 

the fluid will liTue at the fluice ; and hence k \ a\x %^gx : 

^at^gx 

' ■ ^ the velocity wkh which the furface of the water 

will defcend at the altitude or the fpace it would de- 

fcend in i fecond with the velocity there. Now in de- 

fcending the fpace x<, the velocity may be confidered as 

uniform ; and uiiiiorm defcents are as their times ; tlicrc- 

2 o ^ V • Ax • ' 

fore ^ : x \ \ i" : — the time of defcending x * 

A %at/gx 

fpace, or the fluxion of the time of exhaufli ng. That is, 

• _ — AJP 

Then when the nature or figure of the veflel is given, 
there will be given a in terms of x\ which value of a 
being fubftituted into this fluxion of the time, the fluent 
of the refult will be the time of exhaufting fought. 

So if, for example, the veflei be any prifm, or every 
where of the fame breadth % then a is a conftant quan- 

P tity, 
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tUy, and therefore the fluent is — . But when 

= this becomes ^ ^J^y andfhouid be Oi there* 

fore the corre^ fiuent is / = — X -^^—7 for the 

time of the furface defcending till the depth of the water 
be X. And when * := o» the m^oie time of exbaufting 

is barely -^v^— . 

And hence if a be 10000 fqitare feet, <» = I fquare 
foot, and d 10 feet i the time is 7885^ feconds, or 

Again, if the veflel bo a ditch, or canal, of 20 feet 

bro*id at the bottom, 22 at the top, g deep, and lOco feet 

long ; then is 99 : 90 -h * : : 22 : ^ X 22 the breadth 

of the furface of the water when its depth in ^e canal is x ; 

and confeuuently a = ^- X 22000 ts the furface 

. 99 

at that time, Confequently / or = xiooo X 

2 X — ; — is the fluxion of the time ; the corredt 

99 - V^-^ 

fluent of which, when — o, is itboo X i ^ ^ 



99 a 

^ , d IICOO X 186 X 3 , , 

X y — =s — ^ = 15450 4- nearly, or 4" 

17' 39' T' whole time of exhauiling by a fiuice oC 

I foot ll^iiire. 



f HO* 
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P&OBLSM XXVI. 

* 

To determine the Time of emptying any Ditch, or 
. Inundation, by a Cut or Notch, from the Top 
to the Bottom of it* 

Let AB = the variable height of water at I 

any time; ' 
AC 9 ^ the breadth of the cut ; ^ 
<^ = the whole or firft depth of water ; 
A == the area of the furface of the wa« 

ter in the ditch i * 
g = tbJ^ feet* 

The velocity at any point d, is as ^bd, that is, as the 
ordina^te de of a parabola bec, whofe bafe is AC, and 
altitude ab. Therefore the velocities at all the points in 
AR, are as all the ordinates of the parabola. Conie- 

quently the quantity of w.itcr running throu;_':h the cut 
ABCC, in any timci is to the quantity which would run 
through an equal aperture placed all at the bottom in the 
fame time, the area of the parabola abc, to the area 
of the paralellograni abgc, that is as 2 to 3. 

But t/g I 2g : 2^gxthc velocity at ac; there* 

fore 3- X X ^Jf = ^hx^/gx is the quantity dif- 

chargcd fecond through abgc; and confequentljr 

— is the velocity per fecoiid of die defcending fur* 

face. Hence ibcnii'^ : - i :: i' : --^,^-1 = ;' 

the fluxion of the time of defcending. 

Now when a the furface of the water is. conilant, or 
the ditch is equally broad diroughout^ the corre^ fluent 

P 2 of 
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prcITion becomes j — X ^ = 14400^ or 



.PRACTICAL lXB&CIS»ft> 

of this fluxion gives / = - X ^- — z — — for 

general time of itnking the furface to any depth jr. 
lAnd when x = o, this exprclBon is infinite j whidi 
flkews that the time of a complete exhauitioa is infinite. 

But if ^ = 9 feet, h = % feet, a = 21 X 1000 =s 
21000, and it be required to exhauft the water down 

to of a foot deep ; then * = V^, and the above ex- 

, ^ 3-i 

juft 4 hours for that time. And if it be required to de- 
prefs it 8 feet, or till i foot depth of water remain in the 
ditch» the time of fmking the wat^ to that point will 
be 43' 38". 

Again, if the ditch be the fame depth and length a$ 
before, but 20 feet broad at bottom, and 22 at top ; 

then the defcending furface will be a variable quantity, 

and, by prob, 2?, it vnll be = -SfLllLi x 22000 ; hence 

99 

7 A V 

in this cafe the fluxion of the time, or —7-—- — 9 bc- 
comes X ^^-T— X : the correal fluent of which 

1000 ,00 — AT 00 — . , . rr . ' 

is/= -— - X ; ^— 7— ) for the Ume of fink. 

ing the water to any depth x. 

Now when =x o, this expreflton for the complete 
• exhauftion becomes infinite. 

• - ft 

But if X ^ I foot, the time / is 42' 56' % 

And when =; -^^ foot, the time is 3** 50' 28"i-, 
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PROBLEM XXVH, 

To determine the 1 inje of filling the Ditches of a For- 
tification 6 Feet deep with Water, through the Sluice 
of a Trunk of 3 Feet fquare, the Bottom of which is 
k'vcl with the Bottom of the Ditch, and the Height 
of the fupplying Water is 9 Feet above the Bottom of 
the Ditch. 

Let ACDB reprelent the area of die ver- 
tical (lutce, being a fquare of 9 fquare feet^ g 

' and AB level with the bottom of the ditch. ^ 
And fuppofe the ditch fiiled to any height 
AEy the furface being then at ef. 

Fut a z= 9 the height of the head or fupply ; 

^ = 3 s= AB = AC i 

g = 16 A V 

A = the area of a hor izontal fc6lion of the ditches > 
jr i= AB) the height of the head above ef. 

Then - s/x 2g : iVgx the velocity with which the 
water prdOTes through the part aefb; and therefore 
is/gx X AEFB = %Wgx [a -* x) is the quantity per 
fjcond ranninix through aefb. Alfo, the quantity running 
per fecond through scdf is 2,^gx X 44 £Cdf = y b^gx 
_ -H j() nearly. For the real quantity is, by proceed- 
ing as in tlie lafl- prob, the dif. between two parab. fegs. 
the alt. ot the one being its bafe and the ajt* of the 
Others — ^} and the medium of that dif. between its 
greateft ftate at ab, where it is ad, and its leaft ftatc 
at CD) where it is o, is nearly ^^tn, Conlequently the 
fum of the two, or ^b^gx (<7 11^ — ;r) is the quan- 
tity per fecond running in by the whole (luice acdb. 

P 3 Hence 
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Hence then ih^g* X ^ ^ * ^ 1, ^ 

Velocity per fecond with which the water rifcs in the 

ditches ; and fav:— x;:!"; / = ' X 

' V bVg 

I • 

^ - Ac fluxiOn of the ttm^of filling to any height 

A£, putting £ = a -ft- iihm 

Now when the ditches-are of equal width throughout, 
A is a con^nt quantity^ and in that cafe the corredi 

fluent of this flujuon is # ss — — x log. i—i — — r X 

. pjIJI"^) general cxpreflion for the time of filling to 

any height a£, or a — 4r, not exceeding the height AC 

of the iluice. And when ;r=-Ac=/f — t/fuppofe, 

then / = — — X log. fX- ~ . ^i- — ) is the 

time of iiliing to CD the top oi the fluice. 

Again, for filling to any height GH above the fluice, 
A- denoting as before a ^ ag the height of the head 
above gh, 2v^^j^ will be the velocity of the water through 
the whole (luice ad : and therefore zb^^gx the quanti^ 

per fpcond, and =— » v (he rife per fecond of the 

A 

water in the ditches ; confequently vi ^ x::,i" i t ^ 

X » A X 

' ^ = -TTT" >^ -7- tlie general fluxion of the time ; 

the correct iluentoi wlutli, being o when x :=z a b 

is * = jr^ i^/d — ^ar) the time of filling from CD to 

Then the fum of the two times, namely, that of Rllmg 
from AB to CD, and that of filling from CD to GH, is 
A- r yd ^. 6 . j^c ^ tjd . ^ 

^^g ^ ^ V'^ '^'^^ - s/a »J< ^ i/d^ 

for 
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for the whole time required. And, ufing the. nunjbcrs in 
the proUenii this becomes [ — — 

^ log. (^11:^9 //^ - ] = o^ss?;;*??*.- 

the time in terms of A the area of the length and breadth, 
or hortzonCal feaion of the ditches. And if we fuppofc 
that area to be 200000 iquiiic kec, ihc time required will 
be 7154", or 54' 14". 

And if the fides of the ditch flope a little, fo as to be 
a little narrower at the bottom than at top, the procefs 
will be nearly the fame, fubftituting for a its variable 
value, as in prob. 25 and 26. And the time of rilling 
will be very nearly the fame as that above determined. 



PROBLEM xxviiu 

But if the Water, from which the Ditches are to be 

■filled, be the Tide, which nt Low Water is below the 
Bottom of the Trunk, and riCes to 9 Feet above the 
Bottom of it by a regular Rife of One Foot in Half an 
Hour ; it is required to afcertain the Time of Filling 
it to 6 Feet high, as before ui the lai^ Problem. 

' Let ACOB reprefent the iluice j and when the tide has 
riien.to any height GH, . below co the top of the fluice, 
without the ditches, let EF be the mean height of the 
water within. And put 

* = 3=^AB = ACJ r I 



c 



A'tss. horizontal fedtion of the ditches s o 

E 



X = AC; 
2 ss AE.\ 



II 
F 
B 



P 4 Then 
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Then : v^eg 2^ : ^»Jg\x — %) the vcloc. of the 

water through aefb; and 

\ ^EG W^g'- T^/g(^ — mean vcloc. thro' EGHFj 

theref. ibziygjx —«) is th e quant, per fee. thro' aefb i 
and 1^ (j^ — «) i/g(» — «) is the fame through EGHF ; 
conft;q. ^^-/^ X (ix H- z) — « is the whole through 
AGHB per fee. This quantity divided by the furfaceA, 



gives — ~ X (zat -I- — z = t; the velocity per 

fecond with which ef, or the fur&ce of the water in the 

ditches, rifes. Therefore 



But^ as GH rifes uniformly i foot in 30^ or 1800", theref. 
I ; AG : : i8oo^' : 1800 ^ = / the time of the tide rifing 

thro* AG i confeq. / = iSoox =s -7-7- X 



or = (2x -H sc) v^Jf — z^x is the fluxional equation 
expreiling the relation )>etween x and % % when m 
A 3200 

'^rrf when A = 200000 i^oare 

feet. 

Now to find the fluent of this equation, affume 
Z = Axi -H Bxi -4- c* V -I- DX V &c. So ihali 
; » A ♦ A*H-4B 7 A*-l-4AB*t- 8c lo 

2X H- S SE 2^ A*4 .4. C*V &c, 

4 -4 

and mis s= ■|»iA;irlx-«-|mB;rt^jr-H Vmcxix-t- '^mj^x^Tx Sec 
• ■ < . - Then 
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Then equate the cfefficiente of the like teims, 
fo {hall and conkquently 

|J»B as O, B = 0, 

Vmc = — 4a*, C = * 

^ * ' 275 «* 

16 

y AID =5 — iA» — iAB| D = r- 



«75^ 

Then thefc values of a, b, c, fubftitutcd in the af- 
famed value of 2, give 

2 = — ;r T * — . T-x i — s r * ^ * 

or z =s -^A-^ very nearly. 
$m , ^ ' 

And when =: 3 ^ AC> than s s= •886 of a foot, or 

io| inches, = AE, the height of the water in the ditchf« 
when the tide is at cd or 3 feet high vjrithout, or in tjie 
firft hour and half of time. 

Again, to find the time, after the above, j f 

when £F arrives at CD, or when the water ^ 

Cr i» 

in the ditches arrives as high as the top of sj \y 



the fluice. 

The not ation rema ining as before, 
then %b%^g {x — z) per fee. runs, thro* af, 
and \h(^^ %) ,Jg {x ^ z) per fee. thro* ED nearly ; 
theref. \h^g X (12 -f- z) — z is the whole per 

fecond through ao nearly* 

n h -r 

confeq. -■ — - X (12 a) y/* — »=:.«; is the velocity 
5 A 

per fecond of the point e ; and therefore 

• • 

« 5A % 



«. 

=: 1800 .V, or m% = (12 H- •£.) s/x — where m 

% AiTume 
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Aflnme z s=s Axi ^ t*^ &c. S6 ftall' 
» A » A*-»-4B 1 a'-*-4ABh-8c ♦ 

^ 28 16 

&c; 12 -I- 2 = 12 A;fi BJ^ Ca^ &c; (12 -h z) 

m%, = IfliA^iar -4- {inB^rr^r H- ^mcxi^if. &c. 
Then, ec^uating the like terms, &c, we have 

A s= — , B = — c = -2^, D = nearly, &c. 



01' 



Hence % as — jfi — -24-*'* 



q6 5 



6+^ 



m 



Or a = ~;rY nearly. 



But, by the firft procefs, when ;r = 3, z = '886 ; 
iR^ich CttWftituted for theiii> we have % = *886» and the 
ieiies ss 1*63 J therefore the cor re £1 flaents are 



8 



• z — '886 = — rtz —x^ ?**&c, * 

m m 

or « 744 = — 3;r»&c. 

And when 2 = 3= ac, it gives at = 6.369 for the 
height of the tide without, when the ditches are lilled to 
the top of the fluice, or 3 feet high 5 which anfwers to 

Laftly, to find the time of rifing the remaining 3 feet 
ahove the top of the duice 1 let 



AT «s ca the height of the tide above cd, 

a = CE ditto in the ditches above CD j 
and the other dimeniions as before. 




Then 
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Then tjg : -/eg :: 2^ : ^s/g{x - zj = the velocity 
with which the water ru ns thrpug h the. whole Auice ad ; 
confequently ad X %»/g {x — as) :s= 18-/^ (jf — js) is the 

quantity per fecond running through the fl uice* a.ilcl 

■ v^^j ^jr ^ % = » the velocity pf z» or the rife o£ the 
water in the ditches, per fecond ; hence v : 2 : : i^' : / ss 



z 



-71 — X _ ^ iSoojr, and n% = ata/* — s 
15 the fluxional equation j where n =^ a ^ ■ - = = . 

^ liiov^- 2079 

Tp find the fluent, 
AiTume x s a^ •4- €4^ -4r d^ &c« . 

Then A" ^ z =x x t Axi BJft — cjf^^ &c. 



• ^ t • a 1 • A' 4B 3 • 

afy^* « = jpyjir -» — Jrrjf — x^x &c, 

2 o 

Then equating the like terms gives " • 

2 — I I — I « 

3«' 611*' 90«»' ilioif*.' 



311 6«* 90»* oio«* 
Butj^ by the fecond cafe, when z ^ = 3*369, 
which being ufed in the feries, it is 1936 ^ therefore the 

2 s I 

corre£fc fluent is 2 = — i'936 — jr^ — -7— -jp*&c» 

And when 2 =: 3, ;r = 7 ; the heights above the top of 
the fluice j anfwering to 6 and 10 feet above the bottom of 
the ditches. That is, for the water to rife to the height of 6 
feet within the ditches, it is necei&ry for thjs tide to rife to xo 

feet 
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fret without^ which juft anfWers to 5 hours ; ftnd To long it 

would take to fill the ditches 6 feet deep with water, 
their hori^ntal area being 2oc^QOO iquare £eet. 

Moreover, when x = 6, then z = 2*117 the height 
above the top of the fluice } to whkhmdd 5, theheignt 
ot the iluice, and the fum 5'II7, is the depth of water in 
the ditches in 4 hours an^ a half, or when the tide has rifen 
10 ^ height of 9 leet without tiie ditches, 

Nott. In the foregoing problems, concerning the efflux 

of water, it is taken for granted that the velocity is the 
fame as that which is due to the whole height oi the fur- 
fiice of the fupfrfying water. A fapjioikioii which agsees 
with the principles of the greater number of authors,: 
though fome make the velocity to be that which is due to 
the half height only: and others make it ftill leis, 

Alfo in fome places, where the diffbrence between two 

parabolic (egmcnts was to be taken, in eftimating the mean 
velocity of ttie water through a variable orihce, I have 
ufed- a near nieain value of the expreifion j which makes the 
operation of finding the fluents much more eafy, and is 

at the fame time fu&ciently exadl for the purpofe in hand^ 



o r 
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OF THE 

MOTION OF BODIES in FLUIDS. ' 

PROBLEM XXIX. 

To determine the Force of Fluids in Motion. And the 
Circumltances attending Bodies moving in Fluids, 

» 

1. It is evident that the refiftance to a plane, moving 
.perpendicularly through an infinite fluid, at reft, is equal 

to the prefTure or force of the fluid upon the plane at red:, 
and the fluid moving with the fame velocity, and in the 
contrary diredion, to that of the plane in the former cafe* 
But the force of the fluid in motion^ muft be equal to the 
weight or prelTure which generates that motion^ and 
which, it is known, is equal to the weight or prefliire of a 
column of the fluid, whofe bafe is equal to the plane, and 
its altitude equal to the height through which a body 
muft fall, by the force of gravity, to acquire the ve* 
iocity of the fluid : and that altitude is, for the fake of 
brevity, caliLtl the altitude due to the velocity. So that, 
if a denote the area of tlie plane, v the velocity, and n 
the fpecific gravity of the fluid > then, the altitude due tQ 

the velocity v being — > the whole reftihmce^ or mo- 

AS ' 

tive force wz, will be a X « X — = ; g beu g i - d^ 

AS 4-g 

feet. And hence, eateris paribus^ the reHflance is as the 
fquare of the velocity* 

2. This ratio, of the fquare of the velocity, may b« 
iotherwife derived thus. The force of the fluid in mo- 
tion, muft be as the force of one particle multiplied by 

• the 



Digitized by Google 



MOTION or BODIti 

the number of them : but the force of a partidc h aft its 
velocity ; and the number that ftrikes the plane in a given 
timei is alfo as the velocity ; therefore the whole force is 
as tr Kvwv\ that as, as tiie fquare of the velocity. 

2* V the dire&ion of motion, inftead of being perpen- 
dicular to the plane, as above fuppofed, were uicliiicd to 
it in any angle, the fine of thgt angle being to the 
radius I ; then the reftihuice to the plane, or the force 

of the iliiiii againit tliL- plane, in the dircclioii of 
the motion, as aifigned above, will be diminiihed in the 
triplicate ratio of radius to the. fine of the angle of in* 
clination, or in the ratio of i to j'* 
For, AB being the diredtion of the plane, 
and BD that of the motion,^ making the 
angle abd, whofe fine is i ; the num- 
ber of particles, or quantity of the fluid, 
ftriking the plane, will be diminiihed 
in the ratio of i to j, or of radius to the fine of the 
angle R of inclination ; and the force of each particle 
will alfo be diminiihed ia the fame ratio of i to J ; fo 
that, on both thefe accounts, the whole reitftance will be 
diminiihed in the ratio of i to or in the duplicate 
ratio of radius to the fine of the faid angle. But again, 
it is to be confidered that this whole reiiilance is exerted 
in the direction be perpendicular to the plane ^ and any* 
force in the diredlion be, is to its efFe<ft in the dire£lion 
AE, parallel to ed, as ae to BE, that is as i to s. So 
that finally, on all thefe accounts, ^e refinance in the 
dirc6^ion of motion, is diminifhed in the ratio of i to s\ 
or in the triplicate ratio of radius to the fine of inclinaUon, 
Pence, comparing this iwith article i, the whole re- 
finance, or the motive force on the plane, will be m 

4. Alfo 
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4* Alfo if w denote the weight of the bodf, whoTe plane 
fccc a is refifted by the abioluic toicc m i then the re- 

* 

tardmg force ^ or — ^ ^ill be • 

5*. And if the body be a c^^inder, whofe face or end is 
«, and diameter </, or radius r, moving in the direction of 
its axis; becaufe then x =5 r, and a =: pr^ = i.pd^^ 
where ^ = 3M416; the refifting force m will be 

I — - — - — _£ and the retarding force / = 

• 4^w ' 

6. This is the vahie of the rcriihuicc wlicn the end of 
tile cylinder is a 4)lanc perpendicular to its axis, or to the 
dire^on of motion. But were its face a conical fuHace, 
or an elliptic ie^ton» or any other figure every where 
equally inclined to the axis, the fine of inclination bein^ 
$ : then, the number of particles of the fluid ftriktng the 
face being ftill the fame» but the force of each, oppofed 
to the diredlion of motion, Jiiiujiiflied in the duplicate 
ratio of radius to the Hne of inclination, the refifting 

torcQ m will be ' = , But if the body 

were terminated by an end or face of any other form, a? a 
fpherical one, or fuch liice^ where every part of it has a 
different inclination to the axis, then a farther inveftigati 
bccomcii iiccillary, fuch as in the following propoikion. 



-,....on 
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I 

PROBLEM XXX. 

To determine the Rcfiftance of a Fluid to any Bod)% 
moving in it^ of a Curved End, as a Sphere, or SL 
, Cylinder with a Hemifpherical End, &c« 

1. Let BE A JO be a fe£tion through 
the axis ca of the folid, moving in 

the direciioa of that axis. To any 
point of the curve draw the tangent 
EGf meeting the axis produced in c: 
alio draw the perpendicular ordinates 
EF, ef indefinitely near to each otlier ; 
and draw ae parallel to CG. Putting CP =: Xy 
EF = j^, BE =i %, s fine ZJ o to radius • i, and 
p — 3*1416 i thca . 2py is the circumference whofc 
ladlus is EF, or the circumference defcribed by the point 

X, in revolving about the axis ca ; and 2py X Ee or 

2fyz is the fluxion of the fur face, or the furface defcribed 
by Ee, in the faid revolution about ca, and which is 

the quantity rcprefented by ^ in art. 3 of the lad problem : 

hence X 2j)j'Z or X yz is the reliltance 

on that ring, or the fluxion of the reflftance to the body, 

whatever the figure of it may be. And the fluent of 
which will be the reHilance required. 

- 2. In the cal'c of a Ipherical form, putting the radius CA 



r-^ EF CF 

or CB = /, we have y = A/r* — jf*, j = — = — = 
' ^ ^ EG CB 

, and ys or ef X Ee = ce X ae = rx*, therefore the 
r * 

, - . tnv^ • , pnv^ 

general fluxion X i^yz becomes — ^ X — rx 

^ %Z ' 2g r-» 

pnv^ • pnv^ 

s- £ — X x'x i the fluent of which, or -7; — - v* is the 

2 re- 
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reftftance to the fpherlcal fur^e generated by be. And 

when ;r or €F is = r or CA, it becomes — — for the 

refiflaiicc on the whole hemiipherc ; which is alfo equal to 
pnv d . , , ,. 

' ^ where a =s *2r the diameter. 

3. But the perpendicular refiftance to the circle of the 

fame diameter d or bd, by art. 5 of the preceding pro- 
A u ^^^^ 

blem, is ^— ; — i which, being double the former^ (hews 

that the refiftance to the fphm^ is juft equal to half the 
dire£t refiftance to a great circle of it, or to a cylinder 

of tiie fame diameter. 

4. Since \pd^ is the magnitude of tne globe, If n de- 
note its denfity or fpecific gravity, its weight will be 

== iP^^^j and therefore the retardive force / or 

— = ^- X = -4 ,\ which is alfo = — 

w 32^ pud^ ibgnd 4.gB 

by art. 8 of the general theorems in page 169; hence 

then = ^ and s =a — x ^d, which is the 

4 N (/ s n • 

fpace that would be defcribed by the globe, while its 
whole motion is generated or deftroyed by a conftant 
force which Js equal to the force of refiftance, if no other 
force a£led on the globe to continue its motion. And if 
the denfity of the fluid were equal to that of the globe, 
the refifting force is fuch, as, acting conftantly on the 
globe without any other force, would generate or deftroy 
its motion in defcribing the fpace ^dy by that accelerating 
or retarding force. 

5. Hence the greateft velocity that a globe will ac- 
quire by defcending in a fluid, by means of its relative 
weight iu the fluid, will be found by making the refift- 

ing 
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iog force e^ttal to that weight. For after the velocttf 
if arrived at (bch a degree, that the refiftlng force is 

equal to die weight that urges it, it will iacrcafc no longer^ 
and the globe will afterwards continud to defcend with that 
velocity unifbnnly* Now, N and » being the feparate 
fpeciSc gravities of the f^lobe and fluid, N — » will be the 
relative gravity of the globe in the fluid, and therefore 
w = ifd^X^ " ^) weight by which it is urged; 

alio m = is uie reiiftancc ; confcqucntiy ' ■ ■ 

» ipd^{v »} when the velocity becomes uniibrnis 

» — ji 

from which is found v = ^j^g • • — - for the (aid 

uniform or greateil velocity. 

And by comparing this form vi^ith that in art. 6 of 
the general theorems in page 169, it will apj|>ear that its 
greatei^ velocity is equal to the velocity generated by the 

accelerating force ^ in dcfcribing the fpace or 

equal to the velocity generated by gravity in freely de- 

t9 *^ ft 

fcribing the fpace — - — X l^i.— If N s= 211^ or the 

fpccific gravity of the globe be double that of the fluid, 

then ^-^ ^ s= I ss the natural force of gravity ; and 

t]i?a the globe will attain its greateft velocity in dc- 
fcribing or ^ of its diameter.*— It is farther evi*> 
dent that if the body be very fmall, it will very foon 
acquire its greatcfl velocity, whatever its denfity may 
he* 



Ex. if a kiidcn ba^l, of i inch diameter, defcend in 
water, and in |ir of the fame denfity as at the earth's fur- 
lace, the three fpecific gravities being as iij) and i, 

and 
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and -rrW- Then v = ^74. leA'T^' i^t = ^\/3»''93 
= 8*5944 feet, is the greateft velocity per fecond the 
b all can acquire by defcending in water* And v =: ■ 
^JT^^fTfpTrr^ nearly = ^^^l^ipj =259-8zis 

the greateft velocity it can acquire in air. 

But if the globe were only of an inch diameter, 
the greatell velocities it cculd acqutre» would be only • 
1^ of tbeie, namely -f^s ^ water, and 26 

nearly in air. And if die ball were ftill farther diminiihed, 

the greateft velocity would alfo uiminiilievi, auil that 
in the fubdupUcate ratio of the diameter of the ball* 



PROBLEM XXXI* 

To determine the Relations of Velocity, Space, and 
Time, of a Bail moving in a Fluid in which it is pro* 
jeAed with a given Velocity. 

x« X^t 0 s the firft velocity of projection, x the 
fpace defcribed in any time and v the velocity then* 
Now, by art. 4 of the lalL problem, the accckrative force 

f = -4 ,) where N is the denfity of the ball, n 

that of the fluid, and d the diameter. Therefore the 

general equation vv = %gfs becomes vv = ■ Xy 

andhence- " - **i * for 

And the corre«Sl fluent of this is log. a — log. v or 
log. ^ hx. Or, put c = 27i828l828y the number 

Q^a whofc 
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whofc hyp. log. is i, then is — = and the velocity 



2. The velocity v at aj.v lime being the f-**part of 
the iirii: velocity, therefore the velocity loll in any time 

will be the i — tf-^* part, or the ■ part of tbc firft 

velocity. 

Ex. I. If a globe be projected, with any velocity, in 
a medium of the fame denfity with itfelf, and it defcribe 
a fpace equal to 3^ or 3 of its diameters. Then 

;if =: 3<^ and ^ = = ~ ; therefore hx =z ^ and 

c^x ^ I 2*08 
tbc velocity loft is = ""rg* nearly |. of the 

proje£lilc velocity. 

Ex. 2. If an iron ball of 2 inches diameter were pro- 
jected Willi a velocity of 1200 feet per fccoiidj to find 
the velocity loft after moving through 500 feet of air ; 
we ihould have, d = ^^=5^,^=5 J200| x =s 500, 

X 

N = 7i, « = •0012 ; and therefore hx = ^ — . = 

3.i2.5co«^.6 81 , 1200 

—5 — = , and V = —57- = 903 feet 

8 • 22 . 10000 440 ' c Az 

per fecond : having loft 207 feet, or nearly ^ of its firft 

velocity. 

Ex. 3. If the earth revolved about the fun in a me- 
dium as denfe as the atmofphere ncra tiic cai ilf b Im Lice ; 
" and it were required to lind the quantity of motion loft in 
a year. Then, fmce the earth's mean denfity is about 44, 

and 
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and its diftance from the fiin 12000 of its diameters, we 
have 24000 X 3*1416 = 7539B diameters = and 

hx = ^ - ^^ = 7*53983 hence — = 

2 • 10000 • 9 ' "^^ c^x 

irrz P^*"^ ^""^ motion in the fpace of 

a year, and only the P^ft remains. 



Ex. 4. If it be required to determine the diriancc 
moved, a-, when the globe has loft any part of its motion, 
as fuppofe 4> smd the deniity of the globe and fluid equal : 

The general equation gives x = ± x log. -2. = ^ x 

3 

log. of 2 = 1*8483925^/. So that the globe lofes half 

its motion before it has defcribed twice its diameter. 



3. To find the time /, we have t ^ L =: JL ifff 

V V a ' 

Now to find the fluent of this, put % = ^» | then is bx 

• • 

= log. jsjand/'jr^ ^, or x j^i confequently 

• c^^'x zx z z c'" 

t or — =s — = —-^ uid hence t = ^ ^ — - But 

ct a ab ah ah' 

as t and x vanlih together^ and when ;r = o, the quan- 
titjr ^ = therefore, by correSioii, t — = 

h'Ta" T^T ~ T ^ foughtj where* = 

and w = ^ the velocity. 

Ex. If an iron ball of 2 inches diameter were pro- 
jected in the air with a velocity of 1200 feet per fecond ; 
and it were required to determine in what time it would 

3 pafs 
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pafs over 500 yards or 1500 feet, and what would be its 
velocity at the end of that time : We ihouU have, as 

in ex. 2 above. If = ^ = and kx » 

8 • 22 . 10000 1716 

= hence — =: and -L = — — and 

2716 679 b I ' a 1200 

I* c^* 1*7572 I 

— as — SK =s 2 — nearly, Confequendy v 

V a 1200 690 ' ^ ^ . 

Ill 

690 is the velocity, and / = ^ ^ ^» — -) = 2716 

X — T2C0 ^ ^ feconds is the time required, or 
1'^ and l-nearly. 



PR OBI EM XXXII. 



To determine the Relations of Space, Time, and Ve« 
locity, when a Globe defcends, by its own Weight, 

in an infuute Fluid. 

The foregoing notation remaining, viz. d = diameter, 

H and n the dcnfity of the ball and fluid, and v, /, /, 
the velocity, fpace, and time, \i\ motion ; we have ^ pd^ 
SI? the magnitude of the ball, and Ipd^ (n ^ n) s its 

weight in the Euid, alio m = ^ ■> its refiftance 

from ihe fluid; consequently (n ^ «) ^tl it 

the force by which the ball is urged which being divided 
by ip»d\ the quantity of matter moved, gives/ ;s i 

— ^ . for the accel^rative Ibrce. 



2« Hence 
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su Hence w = %ifs, and / =s — s= 

^T-^ ^ or «^ s ftif} tbe fluentof wiuch is ^ sa 

JL X log. an expreflton for the fpace i in teims 

of the velocity v. 

3* But now to determine v in terms of pot r s 
2718281828^ then frnce log. = therefore 

^ ^ = or liH-L ss r^* X and hence v as 



prob. 30, by making/ or i — ^ — -^''^^ = O, which 



y« ac-^* the velocity fought. 
411 The greateft vdociqr is to be found, at inart. 5 of 

gives o = i/'i'g* • = The feme value is 

alio obtained by making the fluxion of or j — ac^' = 
o. And the fiune value of v is obtamed by making 1 in* 
(inttei for then r-*** = o. But diis velocity cannot 

be attained in any finite time, and it only denotes the 

velocity to which the general value of «p or — 

continually approaches. It is evident, however, that it 
will approximate towards it the failer, die greater b is, 
or the lefs 1/ is } and that, the diameters being very finaUt 
the bodies defcend by nearly uniform velocities) which 
arc direftly in the fubduplicate ratio of the diameters. Sec 
aifo art. 5 prob* 30 for other obfervatioos on this head. 

0^4 5« Since 
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5» Since c^^^ is the number whofelog is — 2^i} it will 
be C*^ = f ' = I — -4- ! ^* — — £3 H 1« f 4 5^c, 

putting ^ = = -^^^ ^ hence i — c-*. =; * — 4** h- 

Jtf^ — »S-c, and "j = X y'l — r-*" = \/^ae X (i — 
-I- ^'^.tf* — &c). And when n is very great in 

refpedb of ff, then, all the terms after t he firft bein g very 

fmall, V will be nearly i=s ^tfr sz ^/j^gt* — ^ — = V^4lf^ 

nearly, that is the vciuLii) kedy generated by gravity, . 
as it ought« 



6, To findthe time / i we have t ^ — = *J — x 

V a 

$ 

-*=ss3s=r. Then to find the fluent of this fluxion* put 

■ I I, « 

« = V^i — c%b* = _ or = I w^a**; hcncfe z» 

2Z - I 2Z 



= and 1 = -^^777 = -J • confequently 

* r 2! 

t = -7—7- • ■ ^, and therefore the fluent is / =s 

— — X log. = — r-7- X log . - 

preHion for the time, 

7. Wlien N is very great in refpe^ of « ; then, as in 
art. 5, = v'2^^x,andIog. ^ log. ^1^^ 

. s= log. = 2y2Z'Ji and therefore / = ^ 



A - 



I — ^^2^^ 2V« 
2i X 

= V^"!" =^ V"!** ^^nic as die time of defcending 
freely by gra\'Ity, as it ought, 

Ex. 
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£x. If it were required io determine die time and ve- 
locity, by deA:ending in air looo fceti the ball being of 
lead, and i inch diameter. 

Here N = n = .j^^ d = ti, and j =: loOO. 

Hence = ^ * '^^^^ ' tt * "t _ 2 > IQ3 * 8 » 34 » 2^00 _ 

3 • -jtW 3 - 3 • 12 - 12 . 3 

193-34-50" aiidi= _ 3'3-3-'a ^ 9-9 

9*27 ' 8*ii4.*^ 8«34*25cx> 68»50** 

confcq. V v'^ X ^ r-a^* = > ^93 ' 34 ' 5Q ^ 



— f"TT= 203y the velocity. And t = X 

i^V-r^^- 3112500 ^ 178383 , 
® , _ _ c-^is ^ a? • i93 o 2x617 

5-5236", the time. 

Note. If the globe be fo light as to afcend in the fluid ; 
it is onljT neceilkry to change the ilgns of the firii two 
terms in the value .of fy or the accelerating force, by which 

it becomes/ = JL - i - ^y. and then proceed- 

ing in all refpe6ls as before. 



SCHOLIUM* 

To compare this theory, contained in the laft four pro- ' 
bletns, with experiment, 1 ihall here extract the few follow- 
ing numbers from extenfive tables of velocities and re- 
iiftances, refulting from a courfe of many hundred very 
accurate experiments, made by me in the courfe of the 
year 1786} of which a particular account will be given 
elfewhere. 

In the firft column are contained the mean uniform or 
grtatclt velocities acquired in air, by globes, hemifpheres, 
cylinders) and cones, all of the fame diameter, and the alti- 
tude 
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tudc of the cone nearly equal to the diameter alfo, 
when urged by the feveral weights, exprefled in avordupois 
ounces, and ftanding on the fame tine with the velocttiesy 
each in their proper columns. So> in the firft line, the 
numbers fhew Aat, when the greateft or uniform ve- 
locity was accurately 3 feet per fecond, the bodies were 
. urged by thefe weights, according as their different ends 
went forcmoft ; namely, by •0280* when the vertex of 
the cone went foremoft i by '06402 when the bafe of the 
cone went foremoft ; by ^027 ox for a whole fphere ; by 
•04502 for a cylinder; by '051 oz for the flat fide of 
the hemifphere i and by '02002 for the round or convex 
iide of the hemifphere. Alfd^ at the bottom of all, are 
placed the mean proportions of fhe rdlijftaACes of the(e 
figures, in the neareft whole numbers. Note^ ^ com* 
mon diameter of all the figures, was 6*375 or 6^ inches; 

diat the area of the circle of that diameter is juft 32 
fi|ttare iacheS) or |. of a £|uare loot $ and the altitude #f 
the cone was 6 j- inches. ANbthe diameter of the fmall 
hemiiphere was 4^ inches^ and coniequently the area of its 
baic is fqusune inches, or ^^of a fquare loot nearly. 

The mean height of the barometer at the times of 
making the experiments, was nearly 30*1 inches, and of 
the thermometer 6%^ ; and coniequently the weight of a 
cubic loot of air was equal to ly oz neaiiy in &cfe Circum- 
Sances. - 
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Velocity 


Cone 


Whole 
globe 


Cylia- 
der 


Hemtfjphm 


Small 
Hcnif. 

flat , 


vertex 


baf« 

* 


Bat 


round 


feet 

3 

4 

5 
6 

i 

xo 

• 

XI 

xa 

«3 

14 

*S 
16 

18 

20 


OZ 

•028 

•048 
•071 
•098 
•129 

-x68 

'211 

*26o 

•3*5 
•376 
.440 

•512 
•589 

•673 

•762 

•858 

•959 
1*069 


OZ 

• •064 
•109 
•162 
•225 

•298 

•382 

•478 

•587 
•712 

•850 

1*000 

i*i66 

1*34^ 
1*546 

1763 

2*002 
2*260 
2*540 


OZ 

•027 
•047 
•068 
•094 
•125 
•162 
•205 
•255 
•3X0 
•370 

•435 

•505 

•581 
'663 
•752 
•848 

•949 
1*057 


OZ 

•045 
•090 

•143 
•205 

•278 

•360 

•456 

•565 

•688 
•826 

•979 
1*145 

1-3x7 
1*526 

1745 

1- 986 

2- 246 
2*528 


OZ 

•051 

•096 
•148 
•211 
•284 
•368 
•464 

•573- 
•698 

•836 

*988 

X*154 

1*336 

1-538 

1757 

1- 998 

2- 258 
2*542 


OZ 

•020 

•039 
•063 

•092 

•123 

•160 

*i99 
•242 
•292 

•347 

•400 

•478 
•552 
•634 
-722 
•8x8 
•922 
1*033 


OZ 

•028 

•048 
-072 
•103 
-141 

*i84 

•233 
*287 

•349 
*4i8 

•492 

•573 
*66i 

754 

•853 

•959 
1*073 

1*196 


Propor. 

Numb. 


126 




124 


285 




■■' 


140 



From this table of refifiance^ fevend prai6tical ia-^ 
ferences may be drawn* 

I. That the refiftance is neariy as die furiace $ diff 
fdtftance increafing but a very little above that proportion 
in the greater furfiaces. Thus, by comparing together 
die numbers in the 6th and laft columnSy ibr the bafes of 
die two heoufphenS) die areas of which are in die propor- 
tion of 17I to 32) or as 5 to 9 very nearly 1 but the 
numbers in thoie two calunins, esqpreffing the refiftances 
are pearly as x to 2> or as 5 to xo^ as ftras tothe velocity 

4 * 
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of 12 feet ; after which the refiftances on the greater 
lurface increafe gradually more and more above that pro-. 

portion. And the mean reilftances are as 140 to 288, or 
as 5 to 10^. This circumiiance therefore agrees nearly 
with the theory* 

2. The refiftance to the fame furface, is nearly as the 
fquare of the velocity 5 but gradually increafes more and 
more above that proportion as the velocity increafes. 
This is mznlfdk from Sill the columns. And therefore 
diis ctrcumftance alfo nearly agrees with the theory, ia 
finall velocities. 

3. When the hinder parts of bodies arc of cifFerent 
forms, the refiftances are difFercnt, though the fore parts be 
alike ; owing probably to the different prefllires of the air on 
the hinder parts. Thus, the refiftance to the fore part of 
the cylinder is lefs than that on the flat bafe of the he- 
mifphere, or of the coi^ ; becaufe the hinder part of the 
cylinder is, more preffed or puflied, by the following air, 
than thoie of the other two figures. 

4. The refiftance on the bafe of the hemifphere, is 
to that on the convex fide, nearly as 2y to i, inftead of 
2 to I, as the theory affigns the proportion. And there* 
fore in this particular, the theory is attended with a con- 
Uderable error. 

5. The refiftance on the bafe of the cone, is to that 
OR the vertex, nearly as 2-^^ i» inftead of si i> as 

theory in pa. 223 art. 6 requires it to be* So that the 
theory in this inftance givc^ lefs than half the true ex- 
perimented refiftance. 

♦ 

. 6. Hence we can find the altitude of a column of air^ 
whofe preflfure fhall be equal to the refiftance of a body^ 

moving through it with any velocity. 

Let 
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Let a =s the area of die (edion of the body, fiinilar to any 

of thuiL la the tauk, perpendicular to the di* 
red ion of motion j 
r =s the reftftance to the veldcity in the table ; , and 
X = the altitude fought, of a column of air^whofe bafe 
is and its preflure r. 
Then ax the content of the column in feet^ 
and iJ^ax or ^ax its weight in ounces; 

7" 

therefore ^ax = r, and ;ir = ^ x is the altitude fought 

in feet, namely | of the quotient of the refinance of any 
body divided by its tranfverfc fedionj which is a conflant 
quantity for all iimilar bodies^ however different in mag- 
nitude, (ince the refiibince r is as the fe£Hon ay as we 

have found in art. I. When ^ = ^ of a foot, as in all 

the figures in our table, except the fmall hemifphere j then 
r 

4p = 4 X — becomes ;if = y r, whereristherefiflancein 

our table to the fimilar body. If, for example, we take the 
convex fide of the large hemifphere, whofe refiflance is 

•634 oz to a velocity of 16 feet per fecond; then r = 
•634, and x ^ y r = 2*3775 feet, is the altitude of the 
column of air whofe prefTure is equal to tiie refiflance on 
a fpherica! fur&ce with a velocity of 16 feet. And to com- 
pare the above altitude with that which is due to the given 
velocity, it will be 32^ : 16^ :: 16 : 4 the altitude due to 
the velocity 16 ; which is near double the altitude that is 
equal to the preflure. And as t/ic altitude is proportional 
to the fquare of the velocity, therefore, in fmall velocities, 
the refiflance to any fpherical furface, is eqtial to the 
preffure of a column of air on its great circle, whofe al- 
titude li or '594 of the altitude due to its velocity. 

7. Hence we may infer the great refiftance fuffered by 
military projectiles. For we find in the table that a 

globe 
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globe of 6^ inches diameters wbidi h equal to the fiste of 
am iron ball weighing 361b, moving with a velocity o£ 

only 16 feet per fecond, meets with a refiftance equal to 
the prefilire of ^ of an ounce weight ; and therefore, com- 
puting only according to the fquare of the velocity, the leaft 
refiilcncc t^?.t fuch a ball would meet with, when moving 
with a velocity of 1600 feet, would be equal to the pref- 
fure of 4i7lb| and diat independent of the prefiiire of the 
atmofphere itfelf on ihe fore part of the ball, which would 
be 480 lb more, as tliere woald be no prefTure from the 
atmofphere on the hinder part^ in the cafe of fo great a 
velocity as f 600 feet per (econd. So diat ^e whole re- 
finance wuiiid not be lels than about 900 !!> tu fuch a 
velocity. 

Having (kid in the laii article that the preiiure of 
the atmofphere is taken intirely off the hinder part of the 

ball, moving with a velocity of 1600 feet per fecond; 
which muft happen when the ball moves fafter than the 
particles of aircan follow by ruihing into the pUce quitted 
and left void by die ball, or when the ball moves fefter 
than the air rofhes into a vacuum from the prelTure of the 
incumbent air. Let us therefore inquire what this ve- 
locity is* Now the velocity widi which any fluid iiRies, 
depends upon its altitude above the orifice, and is indeed 
equal to tlie velocity acquired by a heavy body iii falling 
freely through that altitude. But| fuppofing the height 
of the barometer to be 30 inches or 2^ feet, the height 
of an uniform atmo(phere, all of the fi ine denfity as at 
the earth's furface, would be 2j: X 14 X 833 j or 29166 
feet; therefore t/i6 : ^29166 :: 32 : 8^/29166 = 1366 
feet, which is the velocity fought. And therefore with 
a velocity of 1600 leet per fecoiid, or any velocity 
above 1366 feet, the ball muft continually leave a vacuum 
behind it, and fo muft fuftain the whole preiTure of the 

atmofphere 
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atmoTphere on its fore part^ as welt as the refiftance 
arifing from vis inertia of the partides of air flruck 
by the ball* 

9, Upon the whole we find that the refiPcance of the air, 
as determined by our experiments, differs very widely, 
both in refped to the quantity of it on all figures, and in 
refpecSt to the proportions of it on oblique furfaces, from 
the fame as determined by the preceding theory, which is 
the fame as that of Sir Ifaac Newton, and moft modem 
philofbphers. Neither, fhould we fucceed better if we 
have recourfe to the theory given by profciTor Gravefande, 
or others, as fimilar diiTcrences and inconfiilencies ftttt 
occur. 

We conclude therefore that all the tkeories of the 
refiftance of the air hitherto given, are very erroneous* 
And I have only laid down the preceding one^ till further 
experiments on this important fubjeft ihall enable us to 
deduce from them, another, that ihall be more confooant 
to the true phenomena of natiire» 



FINIS. 
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Note at tlic line, tleiiotcs 

pa. T/hic. Conettion. 

2 8 for bnfc r. fide 

Op. hyp. 
tiic end oi 



f In the fi'j^. ot 
^< fet A lor n at 
* the axis 



6 

I 

9 

»3 



2^ 2CD*2CE 

13 fcr BG r^tf// Bg 

7 ^ 1; F K 

8^ fcr b.ife r*^*/ cone 
13 lirnight 
4 femi-axcs 
3^ or i?c.2ik:: ao*2CK 



ID' 



56 



-f AD • AG 

7 proportional 
the ii^. is; turned 
d raw the line A G in the fig. 



counted from the bottom. 

Pa. Line. Correction. 
62 fet B in the fig, 

68 4 hyperbola 

69 7^ inicribed between the 
hyperbolas 

78 9^ CG* — CA* 

89 2^ aiymptote 

99 4* J fi*" ^ ' 
104 in the fig. b and l to 

chanp^c places 
1 20 draw the liue ai£ in the 

122 fee M and k in the ng. 

123 4 EK'KL 

134. 2^ llrH co\, for 12 reaff 10 
140 10 /or 81b reaJ 61b 
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